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Abstract
Chaos as dened in the theory of dynamical systems has been recognized in recent years as a common structural feature of phase space
ows. Its characterization involves geometric, dynamic, and symbolic
aspects. Concepts developed in the framework of Poincaré-Birkho and
Kolmogorov-Arnold-Moser theories describe the transition from regular to chaotic behavior in simple cases, or locally in phase space. Their
global application to real systems tends to interfer with non-trivial bifurcation schemes, and computer experimentation becomes an essential
tool for comprehensive insight. This is demonstrated with the restricted
three-body problem as a paradigm for non-integrable conservative systems with two essential degrees of freedom. A complete Poincaré section
technique is used as medium for pictorial representations.

1 Introduction
Traditional thinking sees Cosmos as emerging from Chaos  order out of disorder.

According to Webster's dictionary,

chaos

is confusion, or confused

mass, of formless matter and innite space, supposed to have existed before
the ordered universe. Clearly, chaos is perceived as primordial, and

cosmos,

the universe as an embodiment of order and harmony, is either created or,
in modern perspective, develops in the course of evolution, a process of continued structure formation, or self organization.

In the standard scenario

of cosmogony, the various stages of this process are related to critical temperatures: as the expanding universe cools down, primordial symmetries are
broken. For example, some 300 000 years after the big bang, at a temperature
of 3 000 Kelvin, the homogeneous mixture of plasma-matter and conned radiation (the equilibrium of an Olbers cosmos) separates into atoms and free
background radiation. This sets the stage for gravitation to become the dominating large scale interaction, and as R. Penrose describes in his Schwarzschild
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lecture , the spatially homogeneous universe gets unstable with respect to
clustering of matter.
Up to about 25 years ago, physicists used the term chaos to mean statistical randomness in homogeneous, symmetric, unordered systems, in accordance with Webster's denition. The prevailing point of view was that when
such systems become unstable upon parameter variations (e. g., with decreasing temperature), new order appears out of random  chaotic  uctuations
(e. g., of density). Then, around 1975, it became common knowledge that randomness may be generated in the long term dynamics of simple deterministic
systems such as the logistic mapping

x → λ x(1−x), or in typical

mechanical

systems with two or more degrees of freedom. The motion of a double or triple
pendulum serves well to illustrate the point. Each single pendulum in such
an arrangement can perform oscillations (o) or rotations with positive (+) or
negative (−) sense. Its motion can be characterized by the succession of symbols as they appear in the time development: ooo++o−

− −oo+ · · ·

would

mean 3 oscillations, followed by two positive rotations, another oscillation,
3 negative rotations, and so on.

When friction is ignored (or compensated

by driving forces), these sequences extend ad innitum, and in a sense that
can be given mathematical precision, any sequence of symbols, regular or
random, occurs as the result of appropriately chosen initial conditions. In a
rather technical paper by T.-Y. Li and J. Yorke (1975), entitled

implies Chaos,

Period Three

this kind of behavior was termed chaotic, and henceforth

the theory of dynamical systems adopted the new,

deterministic meaning of

chaos.
Not everybody was happy with this arbitrary, almost frivolous shift in terminology, given the rich tradition of the notion of chaos. Nevertheless, chaos
theory with all its ramications is now built on that new denition. This does
not mean all its substance is new, on the contrary: it roots far back in the history of science, notably of celestial mechanics. In fact, Newton's quarrel with
the lunar motion is now seen as an attempt to cope with its non-integrable,
(mildly) chaotic nature.

Many ideas of chaos theory are contained in the

classic texts of H. Poincaré (1892) and G. D. Birkho (1927), even though
the term chaos is not used there. The fresh impetus of recent years has a
number of sources of which the Kolmogorov-Arnold-Moser theorem (Moser
1962, Arnold 1963) and the simultaneous discovery of strange attractors by
E. N. Lorenz (1963) were perhaps the most inuential. It took some 15 years
for these important ndings to be absorbed by the physics community, largely
because one needs computing power and visualization to develop an adequate
understanding. In that sense, chaos theory is also a child of modern computer
technology. As far as conservative, Hamiltonian systems are concerned, the
extensive review by M. V. Berry (1978) played a highly stimulating role in the
subsequent development.
In the new view, chaos is the rule, simple order the exception in systems
governed by deterministic dierential equations with more than one degree
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of freedom. After a short survey on the various branches of chaos theory in
Sec. 2, the restricted three body problem of celestial mechanics is chosen as
an ideal model system for chaos in conservative classical mechanics. Sec. 3
starts with a new look at the Kepler problem as the relevant integrable limit.
The Sun-Jupiter system is analyzed in Sec. 4 as a typical case, and Sec. 5
gives a brief presentation of the limiting cases of Hill and Strömgren.

The

review ends with comments on generalization.

2 Chaos theory
The theory of dynamical systems, as a mathematical discipline, deals generally
with the time development of systems in their phase space, i. e., in the space
of their possible dynamical states. The time development is described as a
mapping of phase space into itself, either

discrete

or as a

continuous

ow.

The phase space may be as simple as a one-dimensional interval (logistic

n-space
2f -dimensional

map) or a square (Smale's horseshoe map); it may be an ordinary
(Lorenz system, homogeneous chemical reaction systems), the
cotangent bundle of a mechanical system with

f

degrees of freedom, or an

innite-dimensional space of functions or elds in cases where the system is
described by partial dierential equations, such as in hydrodynamics, plasma
physics, or quantum theory. The dynamics is called

conservative or dissipative

depending on whether or not an initially given phase space volume is preserved

deterministic in case the state at
stochastic in case random uctuations

during the time development. It is called
time

t

determines a unique future, or

necessitate the use of probabilistic methods.
Chaos theory is part of this general framework. In loose terms, it is concerned with cases where simple laws and simple initial states do not give rise
to simple solutions, but where instead complexity emerges in the course of
time.

In nature this is the rule rather than the exception, hence it might

appear that chaos plays a dominant role in the theory of dynamical systems.
There is a simple reason why this is not so. Mathematical analysis has always
been biased towards regularity; its aim was to identify order. To the extent
that knowledge on chaotic systems can only be gained by the use of computer
experimentation, many mathematicians would even resent to accept it as a

theory. It is perhaps fair to say that chaos theory proper exists only inasmuch
as it is possible to detect principles in what appears confused. Yes, computers
provide fascinating new raw material; but theoretical insight comes from the
attempt to understand it.

2.1 The nature of chaos
Given the large diversity of conceivable systems, it is not easy to dene chaos
in precise general terms.

Dierent perspectives tend to focus on dierent

aspects. We present here three points of view: the geometric, the dynamic,
and the symbolic characterization of chaos.

Functional analysis  e. g., the
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nature of spectra and invariant distributions  adds another important aspect,
but this will not be used in our discussion of celestial mechanics.

Geometrically, one major concern in the theory of dynamical systems is
invariant sets, i. e., submanifolds of phase space that are preserved

to identify

during the motion.

Their mere existence and their nature are intimately

related to questions of order and chaos.

For example, dissipative systems

often contract to a single point, the stable

equilibrium ;

this trivial point

attractor represents complete order because it leaves no uncertainty for a
long term prediction:

a pendulum with friction eventually stops swinging.

In a more interesting situation, the contraction may end up in a periodic
orbit; the attractor is then called a limit cycle.

This is still perceived as

orderly behaviour even though predictions can only be made up to a onedimensional set. The example of the Lorenz attractor (Lorenz 1963) shows
that more intriguing situations are possible.

Conservative systems tend to

be complicated because they do not contract. Nevertheless there may exist
conserved quantities, i. e., functions on phase space that do not change their
value with time.

The level sets of these functions are invariant sets.

often, energy is such a quantity.
foliated by

(2f − 1)-dimensional

The

2f -dimensional

invariant

Very

phase space is then

energy surfaces.

When, say, a

component of the angular momentum is another conserved quantity, its level
sets are also invariant, and so are their

(2f − 2)-dimensional

intersections

with the energy surface. It is clear that the more conserved quantities there
are, the lower the dimension of invariant sets, hence the more restricted and
predictable each individual trajectory. Chaos, in this perspective, is a decit
in the number of conserved quantities.

To be precise, the Liouville-Arnold

theorem (Arnold 1978) tells us that a system with
integrable if it possesses

f

f

degrees of freedom is

independent commuting constants of motion. In

cases where the energy surface is compact, the

f -dimensional invariant sets are

f

tori T ; the motion on them is generically quasi-periodic. Chaos of increasing
complexity appears as more and more of the
The

f

constants are missing.

dynamic point of view provides complementary information:

for long term predictability by monitoring the distance

d(t)

it tests

between points

that are initially close neighbors in phase space. From this perspective, the

d(t), on the average, does not grow faster than linearly
t. Chaotic motion is dynamically characterized by exponential
growth hd(t)i ∝ exp(Λt), with Λ > 0, where the average h· · ·i is taken over an
invariant set (which implies that dierent invariant sets may have dierent Λ).
The number Λ is called its Lyapunov exponent ; it measures the rate at which
mixing occurs, 1/Λ is the typical time beyond which prediction to better than
motion is regular when

with time

a random guess within the invariant set becomes impossible. The geometric
and dynamic aspects are independent in the sense that

Λ

may be large, the

mixing fast, in spite of small invariant sets; or vice versa, the chaos may be
geometrically complete  the entire energy surface ergodic  with arbitrarily
small mixing rate

Λ.

sets grow in parallel.

Most commonly, however,

Λ

and the size of invariant
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symbolic point of view is again independent.

It describes motion in

terms of the succession of certain elementary types. The possible types are
represented by symbols with a physical interpretation, such as oscillation (o)
and rotation (+ or

−) in the example of the double pendulum mentioned in the

introduction. Regular systems are characterized by a dominance of periodic
sequences like oooo· · · or o++o++o+

+ ···.

Chaotic systems have periodic

and random sequences all mixed, for trajectories with initial points in close
neighborhood. The identication of an appropriate symbolic representation
for a given system, and of the syntactic rules for admissible sequences, has
become an important art in the analysis of complex dynamics.
Much of chaos theory is concerned with how the geometric, dynamic and
symbolic properties of phase space ows are related. Before we address celestial mechanics in particular, let us recall the horseshoe map as one of the
essential ingredients in conservative chaos.

2.2 Smale's horseshoe map
In systems with two degrees of freedom, the geometric and symbolic identication of chaos is achieved by demonstrating that they contain a variant of the
so-called

horseshoe map.

S. Smale (1963) recognized its fundamental impor-

tance; for an extensive discussion of its properties see, e. g., Wiggins (1990).
The map acts on a rectangle by squeezing it in one direction and elongating
it in another, then folding it back onto itself. Two steps are shown on the left
side of Fig. 1. The essential feature is the observation that after a number

n

Horseshoe map: the square is compressed by a factor 1/3 in x direction,
expanded by a factor 3 in y direction and then folded back on itself.
Figure 1:

of iterations, strips of one orientation (here: the horizontal strips in the leftmost picture) are returned to the rectangle with a transverse orientation (here:
the vertical strips, after two iterations). The intersection of the two sets of
strips, shown on the right hand side of the gure, denes points to which
the map can be applied

leaving the rectangle.

n

times in forward and backward direction

without

By iterating this scheme, one obtains a Cantor set of

(x, y)
· · · y3 y2 y1 .x1 x2 x3 · · ·

points which is invariant under the map and its inverse. Each point

of

this set can be characterized by a bi-innte sequence

of

two symbols,

xi , yi ∈ {a, b},

in the following way. We illustrate the method
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for the case shown in the gure, where the Cantor set is best described in

x = .x1 x2 · · · and y = .y1 y2 · · · be any two
xi , yi ∈ {0, 2}; then (x, y) belongs to the invariant set.

the ternary number system. Let
ternary numbers with
(Points where any

yi

is 1 will leave the square during forward iteration, simi-

larly for backward iteration if any

xi

is 1.) It is then a matter of elementary

verication that the action of the horseshoe map on this set is described by


· · · y3 y2 y1 .x1 x2 x3 · · · 7→
where

x̄i , ȳi

are 0 if

xi , yi

· · · y3 y2 .y1 x1 x2 x3 · · · if
· · · ȳ3 ȳ2 .y1 x̄1 x̄2 x̄3 · · · if

are 2, and vice versa.

is essentially a shift on the sequences

y1 = 0,
y1 = 2,

(1)

This shows that the map

· · · yn · · · y1 .x1 x2 · · · xn · · ·.

Its chaotic

character resides in the fact that the sequences may be given arbitrarily, periodic or random  there is always an initial point whose time development
generates this sequence. In addition to a countable innity of (unstable) periodic orbits, with periods arbitrarily high, there is an uncountable innity of
nonperiodic orbits. It can also be shown that there exist orbits with are dense
in the invariant set.
The existence of a horseshoe as part of a dynamical system is perhaps
the most compelling signature of chaos, both in dissipative and conservative
systems. And as we shall see, it is easily established once the system possesses
hyperbolic orbits with homoclinic or heteroclinic connections.

2.3 Hamiltonian chaos: The standard map
The prototypic example for Hamiltonian chaos is the

standard map M intro-

duced by the plasma physicist B. V. Chirikov (1979). It is an area preserving
map of a cylinder (or annulus) with coordinates

M:
where

ϕ

(ϕ, r)

onto itself,

 ϕ 
 ϕ0   ϕ + 2π(1 − r0 ) 
=
7→
r0
r + µ sin ϕ
r

is understood to be taken modulo

2π .

(2)

The map has been celebrated

for catching the essence of chaos in conservative systems, at least locally in
the neighborhood of resonances.

µ = 0,

The number

µ

plays the role of a pertur-

r = const are
∆ϕ = 2π(1 − r) =: 2πW . For obvious reasons, W is called winding number. For integer r , it is 0 mod 1; each
point of the line is a xed point. For rational r = p/q with p, q coprime, the
line carries a continuum of periodic orbits with period q , winding around the
cylinder p/q times per period. However, when r is irrational, the orbit of an

bation parameter. For

the map is integrable: all lines

invariant sets, with angular increment

initial point never returns to it but lls the line densely. This makes for an
important qualitative dierence of rational and irrational invariant lines. The

W on r is called the twist τ of the (unperturbed) map. Here,
τ = dW/dr = −1. This has an intuitive interpretation: between any two
integer values of r the mapping is a twist of the cylinder by one full turn. The
behavior of such twist maps under small perturbations µ was the central issue
dependence of
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of the stability discussion of which Poincaré's

Méthodes Nouvelles (1892) and

the discovery of the Kolmogorov-Arnold-Moser (KAM) theorem (Moser 1962,
Arnold 1963) were the major highlights.

Upper left: 20 trajectories (with 10 000 iterations each) of the standard
map for µ = 0.08; the angle 0 ≤ ϕ ≤ 2π is plotted along the horizontal, the
variable 0 ≤ r ≤ 2 along the vertical axis. Upper middle: the same for µ = 0.15.
Upper right: the same for µ = 0.25. Lower left: beginning of the stable manifold
(red and magenta) and unstable manifold (green and blue) of the hyperbolic point
(ϕ, r) = (π, 1) for µ = 0.25; its neighborhood of size 10−4 was iterated 9 times.
Lower middle: the same manifolds continued for two more iterations. Lower right:
an additional 9 iterations.
Figure 2:

Consider the upper part of Fig. 2.
and

0.25,

points.

For perturbations

µ = 0.08, 0.15,

it shows 20 orbits generated from (almost) randomly chosen initial

Three kinds of structures can be discerned:

(i) islands, or chains

of islands, surrounding elliptic periodic orbits; (ii) clouds of points centered
at hyperbolic periodic orbits and surrounding the islands; (iii) the two left
pictures contain invariant lines extending from left to right, i. e., surrounding
the cylinder, whereas the right picture exhibits global chaos in the sense
that a single trajectory can wander along the vertical cylinder axis.
These features illustrate three fundamental theorems that govern the behavior of invariant sets under small perturbations:

2.3.1 Poincaré-Birkho
Poincaré's last theorem, proved by Birkho in 1913 (Meyer & Hall 1992),
states that of the uncountable innity of periodic orbits on a given rational
invariant set, only a nite number survives, half of them elliptic, the other
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half hyperbolic. More precisely, lines with rational winding number
into chains of
of

q ).

of the

q

Their centers are elliptic resonances Ek ,

q -th

number

ρ

q

iterate M

of the form

k = 1, . . . , q ,
q

of the map. The Jacobian of M

cos ρ ± i sin ρ,

where

decay

cos ρ = 12 trace Mq

i. e., xed points

at Ek has eigenvalues

and

|trace Mq | < 2.

The

is a winding number of higher order; when points on small islands

are parametrized by an angle,
and its

p/q

islands (sometimes, for reasons of symmetry, a nite multiple

q -th

ρ

is the angular increment between a point

iterate. The islands of a given chain are separated by hyperbolic

q

k = 1, . . . , q ; the Jacobian at Hk has eigenvalues λu
λs with |λu | > 1 and λs = 1/λu . The corresponding eigenvectors eu
es are, respectively, the unstable and stable directions of the hyperbolic

xed points Hk of M ,
and
and

orbits. Poincaré and Birkho found that for arbitrarily small perturbations,
this breakup of rational lines is generic.
The gure shows island chains with
island decreases rapidly with increasing

q
q

from 1 to 5. The vertical size of an
so that from pictures like the upper

left in Fig. 2 it is impossible to decide whether what appears to be a line is
indeed a continuous line or rather a chain of islands with a high value of

q.

2.3.2 Kolmogorov-Arnold-Moser
It took some 70 years after Poincaré before the survival of invariant lines under
small perturbations could be established with mathematical certainty (Moser
1962, Arnold 1963). For systems with

n

degrees of freedom and suciently

small and smooth (but otherwise arbitrary) perturbations, the KAM theorem
guarantees the existence of

f

mensional energy surface. For

dimensional Liouville tori in the

f =2

(2f − 1)

di-

this is an extremely important stability

result because orbits between two invariant tori are conned: if there is chaos,
it cannot be global. For larger

f,

the situation is more delicate and still not

fully explored.
The theorem also gives a hint as to which irrational tori are the most robust. The point is that one may distinguish various degrees of irrationality.

W
p/q

A number

is called more irrational than a number

imations

with

for

q

smaller than a given

W 0:
min W −
p,q

The numbers

W

qmax

W0

if rational approx-

tend to be worse for

W

than

p
p
> min W 0 − .
p,q
q
q

(3)

which qualify in the KAM theorem for being suciently

irrational, are characterized by constants

W−

c>0

p
c
≥ ν
q
q

and

ν≥2

in an estimate
(4)

p and q . The set of W for which c and ν exist has
ν cannot be smaller than 2 because a theorem by Liouthat if pk /qk is a continued fraction approximation to W , then
2
a number C (independent of k ) such that |W − pk /qk | < C/qk .

for arbitrary integers
positive measure.
ville asserts
there exists

On the other hand, it is known that quadratic irrationals, i. e., solutions of
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quadratic equations with integer coecients, have periodic continued fraction expansions which implies that the corresponding approximations behave
asymptotically as (Richter & Scholz 1987)

W−


pk
c1
c2
= 2 + (−1)k 4 + O qk−6 .
qk
qk
qk

(5)

It is also known that there are no better rational approximations to a given

W

than its continued fraction approximations. In this sense, the quadratic

irrationals are the most irrational numbers because they have the smallest
possible

ν = 2.

Furthermore, among the quadratic irrationals, the

numbers have the largest possible c1 = 1/

√

5;

noble

they are dened by continued

fractions

1

W = w0 +

w2 +
where

wk = 1 for k

=: [w0 , w1 , w2 , w3 , . . .]

1

w1 +

(6)

1
w3 + . . .

greater than some

K.

Hence, invariant lines (or tori) with

noble winding numbers tend to be the most robust. And nally, within the
class of noble numbers, the

golden number

√
g = [0, 1, 1, 1, . . .] = 12 ( 5 − 1) = 0.618 034
as well as

1 − g = g2

and

1 + g = 1/g

because they have the smallest possible

(7)

are the champions of irrationality
√
c2 = 1/(5 5). In pictures like the

upper middle one in Fig. 2, the golden invariant lines can be identied from
the sequence of islands with winding numbers 0, 1, 1/2, 2/3, 3/5, 5/8, . . . ,
because these are the continued fraction approximations to

g.

More generally,

the most irrational noble number between neighboring resonances

p2 /q2

p1 /q1

and

(for example, 2/5 and 1/2) is obtained with the Farey construction

(Schroeder 1991)

pn+1 /qn+1 = (pn−1 + pn )/(qn−1 + qn ).

It has been found in numerous studies based on the discovery of the KAM
theorem, that when a Hamiltonian system can in some way be described as a
perturbed twist map, the following scenario holds with growing perturbation.
First, many small resonances (chains of

q

islands) and many irrational tori

(invariant lines) coexist. Then the islands with small

q

grow; the chaos bands

associated with their hyperbolic orbits swallow islands with large

q and the less

irrational tori. At one point, only one noble KAM torus and few conspicuous
resonances survive, before with further increasing perturbation the last torus
decays and gives way to global chaos.

More detailed analysis shows that a

decaying KAM torus leaves traces in the chaotic sea: invariant Cantor sets
which act as permeable barriers for the phase space ow.

2.3.3 Smale-Zehnder
E. Zehnder (1973) proved that each hyperbolic point Hk of the PoincaréBirkho scenario is the center of a

chaotic band, in the sense that it contains
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Horseshoes in the standard map for µ = 0.4. The eld of view is 0 ≤
ϕ ≤ 2π , 0 ≤ r ≤ 2. Left: the intersection of the two pairs of strips near the center
contains an invariant set for M3 . Right: the same for M4 .
Figure 3:

a Smale horseshoe. Let us explain. Consider a point P close to Hk on its
unstable eigendirection

0
q
the line PP with M .

eu ,

and let P

0

q

be its image under M .

Step by step, this generates the

Now iterate

unstable manifold

of Hk , shown as green and blue lines in the lower part of Fig. 2: starting
at the center, the two parts evolve towards the lower right and the upper
left.

It is seen from the succession of the three pictures that the manifold

develops a folded structure of increasing complexity as the iteration goes on.
(Note that the manifold may not intersect itself because the map is injective.)
Eventually it densely lls a region of full measure. In the last picture shown
here, the barriers associated with the former golden KAM torus have not yet
been penetrated, but it is believed that the closure of the unstable manifold
is the entire chaos band connected to Hk .
Similarly, the

stable manifold

along the stable eigendirection

can be generated by backward iteration

es ,

shown as red and magenta lines in the

gure. The decisive point in Zehnder's theorem is the demonstration that the

homoclinic
heteroclinic if the two manifolds belong to dierent hyperbolic or-

stable and unstable manifolds have transverse intersections, called
points (or

bits, but this dierence is not important). Once this is established, it may
be concluded that part of the map has the character of a horseshoe map,
hence it contains an invariant set on which the dynamics is chaotic. Fig. 3
illustrates this point, cf. Fig. 1. Two strips in the neighborhood of the central
hyperbolic point, one red the other green, each stretched along a folded piece
of the stable manifold and crossing the unstable manifold at a homoclinic
point, are mapped a number of times and returned near the hyperbolic point
in a transverse orientation. In that process they are contracted towards and
expanded along the unstable manifold. The intersection pattern of the strips
contains a thin invariant Cantor set on which an iterate of the standard map
is conjugate to the shift map on bi-innite sequences of two symbols. This
implies the existence of chaos.
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Zehnder showed that this situation is generic even for arbitrarily small perturbations

µ where it is impossible to give a graphical illustration because the

homoclinic tangle is exponentially thin, and the number of iterations needed
to return to the hyperbolic point very large. The message for our subsequent
discussion of the three body problem is that when rational invariant sets of
a twist map are perturbed, they break up into elliptic centers of order and
hyperbolic centers of chaos.
The invariant sets constructed on the basis of Fig. 3 are of course not the
whole story for the chaos band connected with the central hyperbolic point.
We have shown the two perhaps most obvious horseshoes for this case, but an
innity of other horseshoes may be identied in the same chaotic region, using
the same strategy with other homoclinic intersections. Each of them has a
fractal dimension not much larger than 1, whereas the entire chaos band 
the closure of the stable or unstable manifolds  is believed to have dimension
2.

This has not yet been proven.

Moreover, the computation of Lyapunov

exponents is easy for a single horseshoe, but averaging them over the chaotic
region is numerically delicate, analytically hopeless. So there remain important open questions.

3 The three body problem: Kepler's limit
The three body problem in its restricted form has two degrees of freedom
and one constant of motion, the Jacobi integral. It describes the motion of a
test particle P with mass

m

under the gravitational inuence of two bodies

S and J. The assumptions are (i)

m

is so small that P has no eect on S

and J, (ii) the Kepler motion of S and J is circular, and (iii) P moves in the
same plane with S and J. We think of S, the Sun, as being the main body

ms , and J, a ctitious Jupiter, as the second body with mass
mj ≤ ms . Using the constant distance R between S and J for scaling lengths,
Tj /2π = 1/ωj as the unit of time (where Tj is the Kepler period of S and J),
Gm(ms + mj )/R as the unit of energy, and mωj R2 as the unit of angular
with mass

momentum, the equations of motion contain only one parameter, the relative
mass

µ := mj /(ms + mj ),

with range

0 ≤ µ ≤ 0.5.

For

µ = 0

the second

main body has no inuence on the test body's motion except that we view
it from a rotating frame of reference; we call this the
be distinguished from the

Hill limit

and a neighborhood of size

µ1/3

where

µ→0

Kepler limit.

It is to

becomes arbitrarily small

around J is considered. S is then eectively

displaced to innity and only the quadrupole component of its potential taken
into account. This was in fact Newton's approximation when he considered
the lunar motion. Hill revolutionized perturbation theory when he detected
that the moon stays close to a periodic orbit of this dynamical system, and
analyzed the variational equations about this (stable) orbit. Poincaré developed his Méthodes Nouvelles from there, but stayed with small

µ = 0.5

µ.

The case

of equal main masses was the subject of extensive numerical studies

by Strömgren and collaborators (1925) and hence is called the

problem.

Kopenhagen
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3.1 The equations of motion
In an inertial frame of reference with Cartesian coordinates

(X, Y ),

scaled

units, and origin in the center of mass, the main bodies move according to

(Xj , Yj ) = (1 − µ) (cos t, sin t),

(Xs , Ys ) = −µ (cos t, sin t);

(8)

the equations for the test particle read

Ẍ
Ÿ
where

X − Xs (t)
X − Xj (t)
−µ
Rs3 (t)
Rj3 (t)
Y − Ys (t)
Y − Yj (t)
= −(1 − µ)
−µ
Rs3 (t)
Rj3 (t)
= −(1 − µ)

Rs2 = (X − Xs )2 + (Y − Ys )2

and

(9)

Rj2 = (X − Xj )2 + (Y − Yj )2

give the

distances to S and J. The explicit time dependence of the forces implies that
the energy is not a conserved quantity. This awkward feature can be removed
by transforming to a frame which rotates with S and J,
and

y = −X sin t + Y cos t.

x = X cos t + Y sin t

The main bodies are then xed at

rj = (xj , yj ) = (1 − µ, 0),

rs = (xs , ys ) = (−µ, 0),

(10)

and the equations of motion for P become

x+µ
x−1+µ
−µ
rs3
rj3
y
y
= −2ẋ + y − (1 − µ) 3 − µ 3 .
rs
rj
2ẏ + x − (1 − µ)

ẍ =
ÿ
Here,

rs2 = (x + µ)2 + y 2

(11)

rj2 = (x − 1 + µ)2 + y 2 are no longer explicitly
consequence, the energy EJ in the new system is a

and

time dependent, and as a
constant of motion,

EJ = 21 (ẋ2 + ẏ 2 ) −
its relation to energy

EJ = E − L.

1−µ
µ
−
− 12 (x2 + y 2 ) =: 12 (ẋ2 + ẏ 2 ) + VJ ;
rs
rj

E

and angular momentum

Traditionally,

The eective potential

VJ

−2EJ =: C

is called

The existence of the integral

EJ

L

in the inertial system is

is called the system's

Jacobi potential.

(12)

Jacobi constant.

comes not for free. The price to be paid is

twofold: in addition to the gravitational attraction by S and J, the particle P

2(ẏ, −ẋ), perpendicular to its velocity (ẋ, ẏ),
(x, y) which pushes towards innity. While the Coriolis
force has no eect on EJ , the centrifugal force contributes an extra term to
the potential energy VJ . Fig. 4 shows level lines of VJ for four dierent values
of µ. The picture at left illustrates the Kopenhagen problem µ = 0.5; to its
right µ = 0.038, a critical case for the stability of Trojan orbits, see Sec. 4.6;
then µ = 0.001, the value of the real Sun-Jupiter system; at the far right
µ → 0, the Hill limit (16). VJ has the following general features:

now perceives a Coriolis force
and a centrifugal force
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Level lines of the Jacobi potential. From left to right: µ = 0.5 with x, y
from 2 to 2; µ = 0.038 with x, y from 1.5 to 1.5; µ = 0.001 with x, y from 1.3 to
1.3; µ → 0 with ξ, η from 1.1 to 1.1 (Hill's case).
Figure 4:

1.

VJ → −∞

at

rs

and

rj ;

the conguration space is therefore a doubly

punctuated real plane.
2. Symmetry with respect to reection at the

x axis, VJ (x, y) = VJ (x, −y).

3. Saddles at the three Lagrangian libration points L1 (between S and J),
L2 (to the right of J), L3 (to the left of S); the values of the potential
are arranged as

VJ (L1 ) ≤ VJ (L2 ) ≤ VJ (L3 ).

4. Maxima of equal height

−1.5 + µ(1 − µ)/2

at the Euler points L4 , L5

which form equilateral triangles with S and J; these are the centers
around which the Trojan asteroids are moving.
5.

VJ → −∞

at large distances from both bodies.

The level line connected to L1 separates the basins of gravitational attraction

basin and J-basin. The region enclosed by
ridge

to S and J which will be termed S-

the inner and outer parts of the L2 level line will be referred to as the
of

VJ .

It includes L3 with its level line and is surrounded on both sides by

brink between the L1 and L2 level lines. The region beyond the outer L1
level line will be called the outside.
the

The equations of motion (11) are not invariant under time reversal, due
to the Coriolis forces. However, the simultaneous change in sign of

y

and

t

is

a symmetry of the system:

Y : (x, y, ẋ, ẏ, t) 7→ (x, −y, −ẋ, ẏ, −t).

(13)

A given orbit either possesses this symmetry, or else it has a symmetric partner.

If it is symmetric, it must cross the

or from below.

orbit is periodic.
orbits. The case

x

axis at right angle, from above

If two perpendicular crossings of the

x

axis take place, the

This was the basis of Strömgren's recipe to nd periodic

µ = 0.5 actually
x and t:

possesses a second symmetry, the combined

changes of sign in

X : (x, y, ẋ, ẏ, t) 7→ (−x, y, ẋ, −ẏ, −t).

(14)

The study of equations (11) goes back to the times of Euler and Jacobi,
yet they are not fully explored to this very day.

Already the limit

µ → 0
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turns out to be highly nontrivial. Of course, the case

µ=0

is nothing but

Kepler's motion in the eld of S, seen from the rotating frame of a massless J.
But as soon as

µ

is nonzero, the neighborhood of J contains a structure

which does not vanish in the limit

µ → 0,

provided the distances are properly

µ they
(x1,2 , 0) with x1,2 ≈ 1 ∓ (µ/3)1/3 , respectively. Hence, with
1/3
variables x and y written as x = 1 + µ
ξ and y = µ1/3 η , the neighborhood
1/3
of J, to lowest order in µ
, is described by the µ-independent Hill equations

scaled. Analysis of the libration points L1 and L2 shows that for small
are located at

ξ
ξ¨ = 2η̇ + 3ξ − 3 ,
ρ
with

ρ2 = ξ 2 + η 2 .

η
η̈ = −2ξ˙ − 3 ,
ρ

(15)

The constant of motion is

EH = 21 (ξ˙2 + η̇ 2 ) −

1 3 2
− ξ .
ρ 2

(16)

This problem has no parameter. In addition to the symmetry (13) it is invariant under the simultaneous change in sign of

ξ

and

t,

˙ η̇, t) 7→ (−ξ, η, ξ,
˙ −η̇, −t).
Ξ : (ξ, η, ξ,

(17)

µ → 0 remains non-integrable. But notice that this only applies
∼ µ1/3 around J, including the Lagrange points L1
and L2 . Outside this region, the limit µ → 0 does coincide with the Kepler
case µ = 0.

The Hill limit

in a neighborhood of size

We remark in passing that equations (11) or (15) should not be used for
numerical integration as they are written here. In order to avoid problems with
close approaches to the main bodies, some kind of regularization is needed.
For our studies we found it convenient to use a ow parameter

√
dt = (rs rj )3/2 dτ , and velocities (u, v) = (ẋ, ẏ) rs rj .
replace rs rj by ρ in these relations.

time t, with
case

τ

instead of

For the Hill

3.2 Poincaré maps and bifurcations
In order to apply the Kolmogorov-Arnold-Moser theory, as outlined in section 2.3, to the three body problem, we need to express it in terms of a

µ = 0 and
EJ is a constant
of motion for equations (11), i. e., the energy surfaces EJ = c are invariant
µ
sets in the phase space of variables (x, y, ẋ, ẏ); we call them Ec or Ec if we
care to specify the value of µ. Poincaré proposed the following strategy to
2
study the ow in these sets : Choose a two-dimensional surface S in Ec 

two-dimensional map, starting with an unperturbed twist map for
then treating

µ

the Poincaré

surface of section

pattern on

S

as a perturbation parameter. We know that

 which intersects the ow, and look at the

generated by the ow.

This pattern is produced by iterating

For simplicity we assume that Ec is compact; otherwise we would have to discuss chaotic
scattering which is a major subject in itself.
2
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the so-called Poincaré map P:
ow until it intersects

S

S → S

again.

which carries a point of

S

If there exists a second integral,

with the

Ec

is foli-

ated by two-dimensional invariant Liouville tori whose intersections with

µ = 0.

generate a pattern of lines. This is the case for

For small

µ 6= 0,

S
on

the other hand, we expect to see a Poincaré-Birkho scenario for the rational lines, with Smale-Zehnder chaos emanating from the hyperbolic centers,
whereas suciently irrational lines ought to survive as KAM tori. However,
we should be prepared to encounter special complications due to the singular
nature of the perturbation in the Hill region.
Poincaré's strategy can be implemented in a variety of ways, and practical
Ideally, the section condition dening S
µ, complete and transverse. Completeness means
that every orbit in Ec meets S (over and over again). Transversality means
there are no tangencies between orbits and S . Unfortunately, these ideal
considerations direct the choice.
ought to be independent of

requirements can almost never globally be fullled, and compromises must be

S

y = 0, i. e., to consider
S + and S −
of S , dened with ẏ > 0 and ẏ < 0 respectively, are then projected to the (x, ẋ)
made. The traditional method has been to dene

orbits at the instant when they cross the

x

by

axis. The two halves

plane. (If time reversal were a symmetry of the system, the two projections
would be mirror images of each other, but due to the Coriolis forces this is not
the case.) The section so dened is not complete  as witnessed, for example,
by the Trojan orbits: they never meet

S

because they do not cross the

Moreover, the section is not transverse because there are orbits with
and

x axis.
y =0

ẏ = 0.

According to Dullin & Wittek (1995), a complete surface of section can be
obtained by requiring that a bounded quantity be extremal. As long as we

r

consider bound orbits only, their radial coordinate
spective of whether

r

condition will therefore be
the rotating frame).

is such a quantity, irre-

refers to S or to J or to the center of gravity; our section

S

ṙ = 0.

Let

ϕ

be the corresponding polar angle (in

has then the two halves

each of which projects uniquely to the

S + : ϕ̇ > 0

(x, y)-plane,

and

S − : ϕ̇ < 0

i. e., to the conguration

space. The combination of these two projections gives a complete survey on
all orbits of a given energy surface

Ec .

However, transversality cannot be

achieved; as a consequence we must accept discontinuities in the Poincaré
map. They arise at points where

VJ = c,

ṙ = 0 and ϕ̇ = 0,
rs and rj .

i. e., on equipotential lines

as well as at the singularities

µ = 0,
(r, ϕ) referring to S, in the rotating frame of reference.
For a given Kepler orbit with eccentricity e and major semiaxis a, we take EJ
and the apsidal distances ra = a(1±e) from S as constants of motion. A given
pair (ra , EJ ), plus the choice of sign for ϕ̇, uniquely species an invariant torus
2
because equation (12) together with ṙ = 0 determines ϕ̇ ,
Let us identify the Poincaré map for the integrable Kepler case

with polar coordinates

ϕ̇2 = 1 +
Given a longitude

ϕa

2
2EJ
+ 2 .
3
ra
ra

(18)

of the apsis, this denes a complete set of initial con-
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p
(r, ϕ, ṙ, ϕ̇) = (ra , ϕa , 0, ± ϕ̇2 ) for a Kepler orbit. The union of these
1
orbits for all possible ϕa ∈ S is a Kepler torus. Actually, it would suce, and

ditions

for some purposes be preferable, to consider only one of the apsides, implying
a 1:1 correspondence between tori and pairs

(ra , EJ ).

But the 1:2 correspon-

dence does no harm; we feel that it appeals better to intuition.

Figure 5: Left: (ra , EJ ) bifurcation diagram. The abscissa is −4 < −ra < 0 to the
left of the vertical axis (ϕ̇ < 0) and 0 < ra < 2 to its right (ϕ̇ > 0). The ordinate
EJ extends from −4.5 to 1.5. The grey region is non-physical; the brownish areas in
the upper right and lower left are unbounded orbits. The large funnel shaped green
region corresponds to orbits R which are retrograde in the inertial system. Three
types of direct orbits can be identied. Di : ϕ̇ > 0 at both apsides (inner planets,
red region at right); Do : ϕ̇ < 0 at both apsides (outer planets, red region at left);
Dl : ϕ̇ > 0 at the lower apsis and ϕ̇ < 0 at the higher (loop orbits, purple regions).
The white dots represent Jupiter (on top of the forbidden region), the Di planets
Venus, Earth, Mars, and the Do planets Saturn, Uranus. Right: Lines of constant
winding numbers in the bifurcation diagram are arcs of ellipses. The color changes
mark resonances T = 2π/n for a < 1, and T = 2πn for a > 1, n = 1, 2, 3, . . ..

The left part of Fig. 5 represents all Kepler tori in a
The abscissa

ra

is plotted positive for

ϕ̇ > 0,

negative for

for the grey regions where (18) would give a negative

(ra , EJ )

correspond to physical motion.

bifurcation diagram.3
ϕ̇2 ,

ϕ̇ < 0.

Except

all combinations

Ignoring the unbounded scattering

orbits (Kepler hyperbolas) in the upper right and lower left brown regions,
we distinguish four regions corresponding to dierent types of bound orbits,
or Liouville tori.

The tori change smoothly within a region but undergo

bifurcations at the boundaries. Of the two boundary lines corresponding to
lower and higher apsides, only one is critical in the sense that it represents
singular behavior in phase space. But as they represent the same orbits we

3

I rst saw this diagram 1985 in unpublished studies of H.-J. Scholz.
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identify them. These pairs of lines are:
Lpar Transition to unbounded motion:

Kepler parabolas,

ra = EJ2 /2;

the

partner line is at innity.
Lcol Transition from direct to retrograde motion: S-collision orbits,
at the lower and

ra = −1/EJ

Lcsp Transition to the forbidden region:
higher apsis if
Lcrc Circular orbits

a < 1,
EJ =

orbits with a cusp

or the lower apsis if

√

ra = 0

at the higher apsis.

ra −1/2ra

ϕ̇ = 0

at the

a > 1.

for retrograde and

√
EJ = − ra −1/2ra

for direct orbits. They are critical in the sense that the distinction of
higher and lower apsides vanishes there. The three yellow lines in the
right part of Fig. 5 are dierent types of circular orbits.
The four regions dened by these lines are the following:
R Orbits which are retrograde in the inertial frame of reference:
occupy the green region

−1/ra < EJ <

√

2ra

they

ϕ̇ < 0. For EJ < 0,
EJ > 0, the border line

with

the region is bounded by the two lines Lcol ; for
is Lpar .
Di Direct inner orbits (a

< 1)

with

ϕ̇ > 0

at both apsides: they are the

red region at right. The planets Venus, Earth, Mars (from below) are
plotted with their two apsides (noticeable only in the case of Mars). The
region is bounded by lines Lcsp corresponding to orbits with cusps.
Do Direct outer orbits (a

> 1)

with

ϕ̇ < 0

at both apsides: they are the

red region at left. Its yellow central line Lcrc carries the planets Saturn

EJ < −41/3 = −1.58 . . ., the
1/3
tiny region −4
< EJ < −1.5,

and Uranus. For

boundary of this region

is Lpar . In the

the border is Lcsp .

Dl Direct loop orbits with

ϕ̇ > 0 at the lower and ϕ̇ < 0 at the higher apsis:

they occupy two disconnected purple regions in the diagram; their bulk
is in the range
lowest

EJ ,

−1.5 < EJ < 0,

Lpar , Lcol and, for
The point

but two thin funnels reach down to the

alongside the R orbits.

EJ < −1.5,

The boundaries of this region are

Lcsp .

(EJ , ra ) = (−1.5, 1) =: J

is Jupiter's orbit, i. e., the center of

perturbation. It is the maximum of the lines Lcsp , and parts of the lines Lpar
and Lcol approach it closely.
When the perturbation

µ 6= 0 is turned on, this picture is eroded in several

ways. First, the clear-cut boundaries between the dierent types of motion
tend to dissolve: a typical chaotic orbit no longer exhibits a regular succession
of sgn(ϕ̇) at its apsides; symbolic dynamics can be invoked to describe the
possible irregularities. Second, tori tend to break up so that it becomes meaningless to try and represent them by single points. Chaos develops not only
near the critical lines of the bifurcation diagram but also well inside the four
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regions, depending, as we know from KAM theory, on the winding numbers

W

of the Liouville tori. It is therefore important to have a survey on these

numbers. The right part of Fig. 5 provides this information.

3.3 Winding numbers and twist maps
The winding number

W

of a Kepler orbit is

∆ϕ/2π ,

where

∆ϕ

is the angular

progression from apocenter to apocenter, viewed from the rotating system.
In the inertial system, the angular progression is
retrograde orbits, irrespective of the orbit's period

2π for direct and −2π for
T , but the rotation of the

T = 2πa3/2 .

Hence the winding number is

W = ±1 − a3/2 ,

(19)

main bodies proceeds by the angle

where the plus sign refers to direct, the minus sign to retrograde orbits. It

EJ = E − L, E = −1/2a, L = r2 (ϕ̇ + 1),
a, or W , in the bifurcation diagram, are the

is an easy exercise to deduce from
and (18), that lines of constant
ellipses

(EJ + 1/2a)2
(ra − a)2
+
= 1.
(20)
a2
a
1
For a = 1, they are a circle of radius 1 with center (ra , EJ ) = (1, − ). As the
2
gure shows, three quarters of this circle lie on the side ϕ̇ < 0, one quarter
√
a of an ellipse is larger than its width a;
at ϕ̇ > 0. For a < 1, the height
for a > 1 it is the other way round. The upper half EJ > −1/2a of the
ellipses belongs to the region of retrograde orbits, the lower half to direct

W = ±1 − 1/n for a < 1, and
a > 1, n = 1, 2, 3, . . .. The case n = 1 is the circle a = 1;
its winding number is 0 for direct and −2 for retrograde orbits.
0
For a given energy surface Ec , EJ = c, we can now compute the map that
relates successive apocenters (ϕa , ra ):

orbits. The color changes in Fig. 5 are made at
at

W = ±1 − n

for

(ϕa , ra ) 7→ (ϕa + 2πW (ra ), ra ),
where the connection between
shows how
values

EJ

W,

W

and

ra

is obtained with (19) and (20). Fig. 6

plotted along the abscissa, depends on

ra ,

for a number of

as indicated in the caption. (W is of course the same for the two

apsides of a given orbit.

Again, it would suce, in principle, to consider

only lower or higher apsides.) For each value of
as a twist map, but compared to the
where

(21)

µ = 0

EJ

this should be considered

limit of the standard map (2)

W = 1 − r, the picture is considerably more complicated. Winding
W and twist τ = dW/dra have a number of unpleasant features from

number

the point of view of KAM theory. These are related to the critical lines in
the bifurcation diagram. At Lpar , the winding numbers diverge towards

−∞.

The twist vanishes at the line Lcrc of circular orbits; it diverges at Lcol (on
the line

ra = 0 )

and at Lcsp , the purple line in the right part of Fig. 6:

W =1−

−3/2
2
− ra2
ra

(22)
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Twist maps for Kepler ellipses of given EJ . The horizontal axis gives the
winding number W , the vertical axis is ra in the range 0 ≤ ra ≤ 2. The orange
lines (19) for circular orbits separate pericenters (below) from apocenters (above).
Thick lines correspond to ϕ̇ > 0, thin to ϕ̇ < 0. Left: R orbits, −2 ≤ W ≤ −1.
The values of EJ , from left to right, are −0.5, −1, −1.5, −2. Right: D orbits,
−1 ≤ W ≤ 1. The black cross is for EJ = −1.5. Thin red lines (upper left):
Do orbits EJ = −1.525 and −1.55; thick red lines (lower right): Di orbits −1.525,
−1.55, −1.575, −1.6, −2. Blue: Dl orbits; those connecting to the Di orbits at cusp
orbits (purple line) have the same values EJ , the others are −1.475, −1.4, −1.2.
Figure 6:

At the super-critical point

J,

the twist is not even well dened.

All this precludes an immediate application of KAM theory when

µ 6= 0.

Simple Poincaré-Birkho and KAM scenarios can only be expected well inside the regions of regular behavior in the bifurcation diagram. The critical
lines develop into transition regions of growing extent, notably in the neighborhood of

J.

Line Lpar develops into a set that mixes bound and unbound

motion; it contains escape and capture orbits  a subject for chaotic scattering
analysis (Jung & Scholz 1987, Eckhardt 1988). Line Lcol dissolves into a set
in which the distinction of R and Dl orbits is blurred. Line Lcsp becomes a
fuzzy region where Di and Dl orbits are mixed.

The fate of circular orbits

Lcrc depends critically on their winding number, and worst of all, a whole new
world emerges from point

J:

the Lagrange points L1 , L2 , L3 with their sep-

aratrices in the eective potential

VJ ,

and the Euler maxima L4 , L5 together

with Trojan orbits. Altogether this means breathtaking complexity, and only
tiny bits of it can be presented here.

4 Order and chaos in the case µ = 0.001
The literature on the restricted three body problem is replete with studies of
periodic orbits and their dependence on the parameters
with his lunar theory (1878), initiated them for

µ → 0,

µ

and

EJ .

G. Hill,

and E. Strömgren

(1925) set an early highlight with his investigation of the case

µ = 0.5.

Of the

Peter H. Richter

72

numerous researchers who used modern computers to obtain comprehensive
information on them, we mention only M. Hénon (19651970), A. Deprit &
J. Henrard (1969, 1970), and A. D. Bruno (1994). Hénon's recent monograph
on families of simple periodic orbits and their bifurcation schemes (1997)
summarizes the state of the art.
Isolated periodic orbits of low periods are indeed the backbone of the
phase space structure of non-integrable systems. But we know that there is
more: separatrices, quasiperiodic KAM orbits, resonances of all orders, and
chaos.

The best way, as of now, to present their intimate entanglement is

in terms of Poincaré sections of energy surfaces

EJ = c.

Ecµ

for xed values of

µ

and

It is conceivable that with more advanced computing power and

rendering techniques, by superimposing 2-D Poincaré sections for all

EJ ,

one

may generate 3-D representations or animations of the entire phase space for
given

µ.

µ = 0.001, the approxVi of the Jacobi potential at the libration points Li are V1 = −1.519 974 . . ., V2 = −1.519 307 . . .,
V3 = −1.500 500 . . ., and V4 = V5 = −1.499 500 . . .. EJ is rst chosen below
V2 so that escape and capture are not possible. This means the energy surface
In this section, we give representative examples for

imate value of the real Sun-Jupiter system. The values

is disconnected between its outer and inner parts. We start with a look at the
outside, for

EJ = −1.625, which corresponds approximately to Saturn's orbit.
EJ so that

The inner part is then considered for a slightly higher value of

transition between the S- and J-basins is possible. In the last two subsections
we increase

EJ

beyond

V2 .

4.1 The outside region
r˙s = 0, ϕ˙s < 0, is shown in
(x, y)-plane. The Jacobi ridge is drawn
the inaccessible region where EJ > VJ

Consider Fig. 7 where the the surface of section
projection to the outside region of the
in the background to mark the scale;

is white. The left part of the picture contains chaotic, the right part regular
orbits.
Let us discuss the regular orbits rst. In the unperturbed case

µ=0

they

would appear as pairs of circles (of lower and higher apsides), with winding

W = 1 − T /2π where T is their period. The lowest period, hence
W , belongs to the circular orbit. At EJ = −1.625, the lowest T
is slightly below Saturn's value 5π , so the winding numbers run from slightly
above −3/2 to −∞. At µ = 0.001 we observe clearly a break-up of resonant
tori with W = −3/2, −7/4, −2, −5/2, −3, −4. Except for Saturn's resonance W = −3/2 near the center, only the islands of the higher apsides can be
numbers

the highest

discerned; those of the lower apsides are pressed against the inner boundary
of the energy surface.

To keep the picture clear no KAM orbits are shown

although there are plenty in the
An orbit from the

−3/2

W

range down to about

Its two higher apsides are on the islands crossing the
on the islands crossing the

y

−3.

resonance is presented in the left part of Fig. 8.

x axis,

the lower apsides

axis. Starting at the high apsis on the negative
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Figure 7: Poincaré section of the outer part of the energy surface for µ = 0.001 and
EJ = −1.625, in projection to the (x, y)-plane. The ridge of the Jacobi potential is
shown as background near the center; the white region is inaccessible. Left: chaotic
orbits, right: the major Do resonances.

Figure 8: Periodic orbits for µ = 0.001. From left to right: Saturn's resonance
W = −3/2; one of the two asymmetric elliptic orbits with W = −2; hyperbolic
orbit with W = −2 and both apsides to the left of S; the same orbit followed
through half of its separatrix; the other hyperbolic orbit with W = −2 and half its
separatrix.

x

axis, the orbit winds clockwise 3/4 turns until it reaches the lower apsis on

the negative

y

x

The periodic orbit at the center of the resonance respects the

axis etc.

axis; after 3/2 turns it comes to the high apsis on the positive

system's symmetry Y, cf. (13); orbits from the surrounding islands perform
librations about it.

W = p/q break up
k is an integer number. Most commonly,
k = 2 for W = −n, n = 2, 3, 4. This is

The Poincaré-Birkho theorem asserts that tori with
into chains of

k = 1,

k·q

islands, where

but here we nd that

correlated with the fact that the elliptic periodic orbits at the centers of these
islands violate the symmetry Y; hence they must come in pairs to restore the
symmetry. One of the two elliptic periodic orbits with

W = −2

is shown in

the second picture from left in Fig. 8. The associated two hyperbolic periodic
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4 have dierent

orbits, on the other hand, are symmetric, but their separatrices
characters. This is demonstrated for the case
pictures.

negative

W = −2

in the three remaining

In the middle we plot the hyperbolic orbit with apsides on the

x

axis.

The picture to its right shows how it changes in half a

turn along the separatrix: the line of apsides gradually precedes in clockwise
direction, comes to a stop and returns; the next half turn generates the mirror

inner separatrix of W = −2. The
outer separatrix. It is
attached to the hyperbolic orbit with apsides on the positive x axis. The line

image with respect to Y. We call this the

picture at the far right shows half of the corresponding
of apsides precedes a full

2π

turn without stop. (These features, by the way,

can all be described in the framework of perturbation theory.) The right part
of Fig. 7 contains the three inner separatrices whereas the outer separatrices
are shown, together with the chaotic orbits, in the left part.
Two kinds of chaotic orbits can be distinguished. The fuzzy separatrices
of hyperbolic periodic orbits (inner separatrices down to
to

W = −3)

proves that they are; we call them

chaos

W = −4, outer down

can almost not be recognized as chaotic, but Zehnder's theorem

weakly chaotic. In contrast, there is strong

at higher eccentricities, i. e., at the transition to unbounded motion.

KAM tori with winding numbers below

−3

do not seem to exist, and as a

result, the higher apsides can diuse to higher and higher values. Apparently,
this diusion is accelerated (in terms of iteration steps of P) with increasing
eccentricity. This means that orbits with high eccentricity have a tendency to
escape from the system. The reason is that at their lower apsides, they come
close to the perturbing agent J.
We observe here a general phenomenon. The Poincaré-Birkho-Zehnder
chaos tends to develop smoothly with increasing perturbation, but critical
lines in the bifurcation diagram of an integrable system are particularly sensitive. Comparison with Fig. 5 shows that the line Lpar comes close to

J.

It

is therefore no surprise, and might have been predicted on the basis of Figs. 5
and Fig. 6, that strong chaos originates from the merging of chaos bands associated with hyperbolic orbits of large negative winding numbers
with small denominators

W = −p/q

q = 1, 2, . . ..

4.2 The S-basin
Next we discuss orbits in the S-basin, with an arbitrary value of EJ between
V1 and V2 so that crossover to the J-basin is possible, but escape to the outside
not. Fig. 9 gives a general survey. It contains regular orbits of types R, Di ,
Dl , and in addition there are chaotic orbits.

S+

is shown at right,

S−

at left.

Three R orbits ll the central region of the left picture and show almost no
sign of being perturbed by J: the white circle enclosed by the two black ones is
the circular R orbit; the two black circles are the lower and higher apsides of
an orbit with moderate eccentricity; the inner and outer white circles belong

4 The term separatrix is strictly dened only for integrable systems where it means the
level set of an hyperbolic point. As long as the chaos band of an hyperbolic orbit is
suciently thin and conned, it may be viewed as a fuzzy separatrix.
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Poincaré section S (r˙s = 0) for mass ratio µ = 0.001 and EJ =
−1.519 500 171 144 . . ., in projection to the (x, y) plane, with a faint image of the
Jacobi potential in the background. Both x and y extend from 1.2 to 1.2. Right:
S + (ϕ̇s > 0), left: S − (ϕ̇s < 0).

Figure 9:

to an orbit of high eccentricity. An intuitive reason for the stability of R orbits
against perturbation is that their encounters with J are relatively brief.
Direct orbits, in comparison, are quite susceptible to perturbation by J.
This is obvious from the system of resonances and chaos in the right picture.
White color was chosen for chaotic, black for regular orbits. The Di orbits,
with both apsides in the right picture, are located in the outer region.

A

remnant of the direct circular orbit appears as a resonance of 7 lower and
7 higher apsides, enclosed by the inner and outer lines of a KAM torus. The
most prominent regular Di orbits form islands around resonances of periods 3
and 5.

Two complete orbits with winding numbers 1/3 and 2/5 are shown

individually in the two left parts of Fig. 10, upper row.
Dl orbits have their lower apsides in the central region of the right picture
in Fig. 9, and their higher apsides in the outer region of the left picture.
Their most conspicuous resonance has two lower apside islands, i. e., winding
number 1/2. The corresponding islands formed by the higher apsides are too
at to be discernible in the gure. But the central piece of Fig. 10, upper row,
shows how a typical orbit from that island librates about the central periodic
orbit. The other two orbits shown, with winding numbers 3/5 and 2/3, have
increasing eccentricity.
It is a rule that stable, elliptic resonances have their higher apsides turned
away from J so as to avoid the perturbation. Their hyperbolic counterparts,
in the Poincaré-Birkho scenario, behave in the opposite way, as illustrated
in the lower row of Fig. 10.

Slight perturbations of an unstable periodic

orbit are amplied in the course of time, and what happens next depends
on the size of the corresponding Zehnder chaos. If it is small as in the case
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Top row: Examples of quasi-periodic orbits librating about elliptic
periodic orbits. Points where the orbits intersect S + are shown in black. From left
to right: Di orbits of winding numbers 1/3 and 2/5, then three Dl orbits of winding
numbers 1/2, 3/5, 2/3, respectively.  Bottom row: Hyperbolic counterparts of the
orbits above. Intersections with S + are only indicated for the periodic orbit of which
these orbits are slight perturbations.
Figure 10:

of winding numbers 3/5 and 2/3, the orbits are nearly homoclinic, i. e., they
approach the periodic orbit again, and almost come to rest there. But sooner
or later they move on, either clockwise or anticlockwise: this ambiguity may
serve as the basis for a symbolic dynamical description. In the other three
cases (perturbation of orbits with winding numbers 1/2, 2/5, 1/3), the chaotic
bands are well developed, hence the break-away from the unstable periodic
orbits is swift, and the orbits return there in an irregular manner. In fact,
the three chaotic bands are not separated from each other by KAM tori; the
white cloud in the right part of Fig. 9 is one large connected region of chaos,
extending even into the J-basin.
The overall picture contains weak and strong chaos.

Comparison with

Figs. 5 reveals that the major region of chaos develops near the transition
between Di and Dl orbits in the unperturbed system, i. e., the line Lcsp of
cusp orbits which touch the forbidden region. Again we observe the interplay
of Zehnder chaos and a bifurcation line. A transition to unbounded motion
is energetically impossible, but Lcsp is close to

J

whereas Lcol and Lcrc are

suciently remote to be protected by KAM lines.

4.3 The J-basin
No reference to an integrable unperturbed case is possible for the J-basin
which emerges from

J

with size on the order of

µ1/3 .

Fig. 11 is a blow-up of

the J-basin, with Poincaré sections of some 15 orbits. The section condition

r˙j = 0

is here dened in polar coordinates with center J; again the right

part shows orbits on

S +,

the left part on

S −.

The general resemblance with

Fig. 9 suggests a distinctioin of types of regular orbits in correspondence to
types R, Di , Dl , namely r for retrograde orbits (in the inertial system), di for
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Figure 11:

Poincaré section ṙj = 0 in the J-basin, µ = 0.001. Left: S − ; right: S + .

direct orbits with positive

ϕ̇j < 0
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ϕ̇j

at both apsides, dl for direct orbits with loops

at their higher apsis. An important new feature is the possibility of

escape into the S-basin, through the gate at L1 . This might imply new types
of orbits living in both basins, but with the parameters chosen here, stable
regular orbits of this kind do not seem to exist, due to the strongly hyperbolic
nature of the periodic orbit c, see below, which revolves about L1 as a chaotic
gate-keeper.

Its horseshoes contain myriads of periodic orbits, but all are

unstable.

Orbits for µ = 0.001. From left to right: Retrograde periodic orbit of
winding number 12/11; direct KAM orbit of type dl with winding number near
11/13; di orbit librating about the stable resonance g0 with W = 1; chaotic orbit
starting from g, the hyperbolic di orbit with W = 1/2, and orbit c surrounding L1
in clockwise manner.
Figure 12:

The coloring scheme of Fig. 11 is similar as in Fig. 9. Except for one, all
chaotic orbits are shown in white. There are not many points in the vicinity
of L1 on

S+

because orbits starting there tend to leave the J-basin either

instantly or after a few turns around J. Consider now the r orbits in the left
picture; they are almost unperturbed by

J.

The two concentric black lines

Peter H. Richter

78

belong to a KAM torus with winding number close to 12/11; eleven turns
of this orbit are shown in the left part of Fig. 12. The white line enclosed by
the two black surrounds the stable retrograde orbit with

W = −1.

The other

two white lines belong to an orbit of high eccentricity. The transition from
r orbits to dl orbits through collisions and cusps seems to involve no chaos, as
witnessed by the second orbit from left in Fig. 12. Its Poincaré section consists
of the two lateral segments in the left part of Fig. 11, and in the right part of
the two black segments at top and bottom, plus the gure eight near J. The
anti-clockwise motion near collision with J implies that the winding number
is positive (W jumps by
that

W

−2

at collision orbits); observation of the orbit tells

is close to 11/13. The r orbits can be continued smoothly to about

this dl orbit, but then chaos dominates between dl and di orbits. The center
of di orbits is the stable periodic orbit on

S+

with

W = 1,

shown as second

from right in Fig. 12. In the Poincaré section it is surrounded by a chain of
secondary resonances.

The black chaotic orbit in the right part of Fig. 11

marks the boundary of the region of regular di orbits.
An interesting hyperbolic orbit of winding number 1/2 can be identied,
with one lower apsis at

(x, y) = (1.029 549 2 . . . , 0).

It is shown at right in

Fig. 12, together with the beginning of a chaotic orbit that starts from there
and moves into the S-basin. This hyperbolic orbit belongs to the family of
g orbits in a nomenclature that goes back to Strömgren (1925) and is still
being used in celestial mechanics (Hénon 1997). At lower values of

EJ

this

orbit becomes elliptic, and with the appropriate parameters for the Sun-Earth
system, the g family includes Hill's reference orbit for the Moon. Also shown
is an orbit of winding number 0 encircling L1 in a clockwise manner.

This

highly unstable orbit c is discussed in the next subsection, as a major source
of chaos.
If interpreted in the light of Poincaré-Birkho and KAM theory, the examples given so far demonstrate that an innity of periodic orbits exists for each
pair of parameters
as

simple

(µ, EJ ),

but that relatively few of them may be considered

in terms of low periods. The period seen in a Poincaré section is

not an invariant of the orbit because it depends on the section condition; for
example, the orbit g appears with four points in Fig. 11 whereas the condition

y = 0, ẏ > 0

would intersect it only once. Nevertheless, certain orbits of

low periods dominate the overall picture, either as elliptic centers of islands
of stability, or as hyperbolic centers of chaos, see below.

When

µ

and

EJ

are varied, these orbits change smoothly and form families: one-parameter
families of periodic orbits in the 4D phase space at xed
families in the union of all these phase spaces, with
to 0.5. The retrograde

W =1

W = −1

µ

µ,

or two-parameter

in the range from 0

orbit is commonly called f while the direct

0

orbit carries the name g .

At certain critical lines in

(µ, EJ ) space these families undergo bifurcations,

in a general sense. They may terminate in libration points (such as orbit c
in L1 , for

EJ = V1 );

collide with other families and annihilate each other;

undergo period doubling or other scenarios  the various possibilities have
been analyzed in great detail and are reviewed in Hénon (1997).
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4.4 Chaos
Poincaré sections show clearly the location of elliptic periodic orbits, as centers
of islands. Hyperbolic orbits are not so easily found. But as long as one looks
only for symmetric orbits, the technique of iterating

symmetry lines

is very

helpful (Birkho 1927, see also Richter et al. 1990): Consider the subset of the
energy surface which is invariant under a symmetry involving time reversal.
With Y as dened in (13), this is the line dened by
equivalently, by

ϕ = 0 mod π

and

ṙ = 0.

y = 0

and

rst be carried, by the phase space ow, to the surface of section
like in our case, the choice of

S

ẋ = 0,

or

In the general case, this line must

S , but often,

makes sure that it contains the symmetry

line. Iterate this line with the Poincaré map P and look for intersections of
the iterates with the original line.

These are symmetric periodic orbits of

P, irrespective of their stability. For higher precision, a Newton root nding
algorithm should subsequently be applied.
By way of example, let us discuss the two orbits c and g of Fig. 12. We assert that they are the main sources of strong chaos in Fig. 11. To prove this, we
construct the stable and unstable manifolds

Ms

and

Mu

of these points and

show that they ood the chaotic region. If transverse homoclinic or heteroclinic intersections can be found, the existence of horseshoes is demonstrated
 chaos in a strict sense, and with a symbolic interpretation.
notation

M+
s (c)

for the intersection

Ms (c) ∩ S + ,

where

Ms (c)

We use the
is the stable

manifold of orbit c, etc.

+
Left: M+
s (c) (white) and Mu (c) (black) in the S-basin. S is dened
with coordinates (rs , ϕs ). Right: the same manifolds on S + in the J-basin, but with
coordinates (rj , ϕj ).

Figure 13:

M+
s (c) in white and the unstable man+
ifold Mu (c) in black color. The S-basin is seen at left, with section condition
ṙs = 0, ϕ̇s > 0, the J-basin at right with ṙj = 0 and ϕ̇j > 0. The correFig. 13 shows the stable manifold
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+
Left: M+
s (g) (white) and Mu (g) (black) in the J-basin. S is dened
+
with respect to J. Right: Ms (g) (white) and M+
u (c) (black) in the J-basin.

Figure 14:

Left: Superposition of the central pieces of Mu (c) (black) and Ms (c)
(white) on S + (thick) and S − (thin) in coordinates (rs , ϕs ). Middle: A detail of
+
M+
u (c) (black) and Ms (c) (white) in the J-basin, with coordinates (rs , ϕs ). Right:
+
A detail of Mu (g) (black) and M+
s (g) (white) in the J-basin, with coordinates
(rj , ϕj ).

Figure 15:

sponding pictures with

ϕ̇ < 0

are not shown because they contain very little

chaos, hence only small pieces of the manifolds (see Fig. 17). If compared to
the manifolds in Fig. 2, the structures here have a dierent appearance: they
consist of disconnected pieces.

The reason are two kinds of discontinuities

of the Poincaré map P. The rst kind are orbits with a cusp at one apsis;
the sign of

ϕ̇

changes, and the orbit jumps from

S+

to

S −,

or vice versa.

These discontinuities can be made to disappear by superimposing (locally)

S+

and

S −,

as is done in the left part of Fig. 15. The two parts join where

they touch the equipotential line

V J = EJ ,

the locus of cusp orbits.

The second kind of discontinuity occurs where a lower apsis and a higher
apsis merge and annihilate each other. This happens at the black dot in Fig. 15
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Left: A c-homoclinic orbit in the S-basin; initial point (x, y) =
(0.580 525 31, 0). Middle: A c-homoclinic orbit in the J-basin; initial point
(x, y) = (1.061 156 296, 0). Right: A heteroclinic orbit from g to c; initial point
(x, y) = (0.963 761 431, −0.026 24).
Figure 16:

which we call b. Let us understand this basic piece of the manifold structure
in some detail. The orbit c is reproduced in gray, as part of the background.

+

Its intersection c

with

S+

−

is the point to the left of L1 , its intersection c

−

S is to the right of L1 on the x axis. The Poincaré map P takes c+
−
to c
and vice versa. Ms (c) intersects S in the white loop, Mu (c) in the
+
+
−
−
black loop. Ms and Mu are drawn thick, Ms and Mu thin. Because of the
symmetry (13), Ms and Mu are images of each other under Y, but note that
S + and S − are invariant under Y. Therefore the structure does not contain
with

homoclinic points because thick and thin lines project from disjoint pieces
of

S.

Consider the segment

Blow

from c

+

to b on

M+
u,

representing

apsides with respect to the Sun. Its image under P is the segment

−

c

to b on

higher

Mu ,

M−
u,

the rst part on

the second on

M+
u.

Bhigh

lower

from

These points are

+
apsides. The two segments join in b. In the close neighborhood of c
−
and c
the map P is extremely hyperbolic, with eigenvalues in the order of
−
1000. Hence the preimage of Blow on Bhigh is a tiny piece near c , not visible
+
on the picture, and its preimage is an even smaller piece on Blow near c .
−1
−
Now we see that the image of the segment from P
b to b on Mu , or the
−2
+
second iterate of the segment from P
b to b on Mu , must be a closed loop
somewhere on

S.

Observation tells that it lies deep inside the S-basin, as a

loop of lower apsides. This shows that except for the very close neighborhood
of the hyperbolic points c

+

−

and c

, all points of the upper half of the black

loop are taken to the S-basin. In the same manner, the lower half of the black
loop is taken to the J-basin; the middle part of Fig. 15 shows its rst image
there. The behavior of the stable manifold is analogous, if viewed backward
in time.
With this understanding of the singularities in P, the picture of the stable
and unstable manifolds of the orbit c becomes clear, and we may apply what
we learned from the standard map (2). Iterates of the basic loop structure
develop homoclinic points, as is amply seen in Fig. 13.

Two examples of

symmetric c-homoclinic orbits are given in Fig. 16, one in the S-basin, the
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other in the J-basin.

It is believed that homoclinic orbits, just as unstable

periodic orbits, ll the chaos band densely. Each of them denes horseshoe
structures in the same way as was demonstrated for the standard map. This
proves the existence of chaos. Its symbolic description may be developed in
terms of crossovers between the two basins.
The hyperbolic orbit g is less unstable than c, but it is another important
source of chaos in the J-basin. Its manifolds
left part of Fig. 14.

has four intersections with
the notation

Ms

and

Mu

are shown in the

They each consist of four pieces because the orbit g

i

gi = P (g0 )

S +.

Starting with g0

= (1.029 549 2, 0),

we use

for the other three; g1 and g3 are lower apsides,

if viewed from J, the other two are higher apsides.

Mu (g1 )

The basic structure is

Mu (g4 ) merge in the lower
right region of the J basin; the left piece of Mu (g2 ) and the upper piece
of Mu (g3 ) merge in the upper left region; the left piece of Mu (g1 ) grows
towards J; the left piece of Mu (g2 ) develops towards the S basin; the lower
piece of Mu (g3 ) folds back to g3 along Ms (g3 ), with homoclinic intersections
of the usual type; the right piece of Mu (g2 ) develops towards g4 along Ms (g4 ),
as follows: the two right pieces of

and

again with homoclinic intersections. The detailed picture of how these various
branches are mapped to each other under P is somewhat intricate and will
not be described here. But it is obvious that the manifolds associated with g
ll the same global chaos region as those of c, including that in the S-basin.
An innity of g-homoclinic orbits can be identied, and moreover, there are
heteroclinic intersections between the manifolds of c and g, as conrmed by
the picture at right in Fig. 14 where we show

Ms (g) together with Mu (c).

An

asymmetric heteroclinic orbit going from g to c is shown in the right picture
of Fig. 16.

4.5 Collisions and scattering
A nal piece of information about the system with the parameters

µ

and

EJ

chosen so far concerns collision orbits with S and J. It is conceivable that
chaos acts as a clearing mechanism in phase space in the sense that chaotic
orbits eventually come close to a collision orbit and terminate on either S
or J. Inspection of Figs. 9 and 11 indicates that apsides of chaotic orbits stay
clear of S but approach J along the

x

axis.

This suggests that chaos may

lead to collision with J. To analyze this point more carefully, we present in
Fig. 17 the collision manifold on

S−

and two preimages under P, i. e., the set

of orbits which collide with J at the rst, second, or third close encounter.
Also shown are pieces of

Mu (c) and Mu (g) that lie on S − .

They are conned

to the neighborhoods of L1 and L2 and do not overlap with the set of collision
orbits.

This means that chaotic motion does not lead to collisions in this

particular case. Instead, comparison with Fig. 11 shows that there is a whole
range of regular dl orbits which intersect the collision manifold. At this value
of

EJ ,

only these regular orbits are cleared from phase space by collisions

with J.
With growing

EJ ,

the range of orbits prone to collision becomes wider
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Left: J-collision orbits on S − . The three thick loops correspond to
collisions with J at the rst (black), second (grey), and third (white) close encounter.
An orbit starting on the white loop (thin grey line) hits J at the third visit. The S −
pieces of manifolds Mu (c) (black) and Mu (g) (white) near L1 and L2 are also shown.
Middle: S − section of J-collision orbits for EJ = −1.51. Collision at rst encounter:
black, second: dark grey, third: light grey, fourth: white. Right: The same four sets
of J-collision orbits at farther distances from J.  The section condition is ṙj = 0,
ϕ̇j < 0 in all three pictures.
Figure 17:

and soon reaches the chaotic domain. As an example, we consider the case

EJ = −1.51

where the gate at L2 is already open.

Fig. 18 presents the

essential features. The forbidden region (except for the neighborhood of the
Trojans) is indicated by a dark color, and it is seen that the openings at L1
and L2 are about the same size. They are surrounded by similar hyperbolic
orbits, c at L1 and a at L2 , both with clockwise motion. The left picture in
the gure shows the two orbits and an asymmetric heteroclinic connection.
To study the extent of chaos we calculate the invariant manifolds of these
orbits.

The picture in the middle shows them in the neighborhood of the

J-basin, apsides dened with respect to J, whereas the picture at right gives
a wider perspective, apsides dened with respect to S. The black dots belong
to

Mu (a),

the white dots to

Ms (c).

Heteroclinic intersections identify orbits

that go from a to c with any number of intermediate turns around J, S, or the
entire ridge. Only the

S−

sections are given here. The

S+

section of these

manifolds is also interesting but not quite as rich. Upon further iteration of
the Poincaré map one would observe that the manifolds extend all the way
to innity. In other words: orbits that come close to

Mu (a)

or

Mu (c) have a
Ms (a) or

good chance to be ejected from the system; orbits that are close to

Ms (c)

out there have a good chance to be captured.

The two pictures in the middle and right part of Fig. 17 illustrate how
the J-collision orbits enter this game.

Clearly they intersect the unstable

manifolds of orbits a and c, and orbits corresponding to these points or their
preimages under P will experience the fate of Shoemaker-Levy 9. So we see
that at this value of

EJ

(as well as at higher values), chaos plays a twofold role

as a clearing mechanism in phase space: it contains J-collision and ejection
orbits closely intertwined. The long term eect is to eliminate direct orbits
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Left: Hyperbolic orbits a, initial point (x, y) = (1.033 455 824 882, 0),
and c, (0.963 531 021 785, 0), with an asymmetric heteroclinic connection. Middle:
Manifolds Mu (a) (black) and Ms (c) (white) on S − in the J-basin, EJ = −1.51;
section condition ṙj = 0, ϕ̇j < 0. Right: The same manifolds on a larger scale;
section condition ṙs = 0, ϕ̇s < 0.
Figure 18:

from the J-basin where chaos dominates. The situation is more complicated
in the S-basin where the general picture of Fig. 9 prevails at these
compare Fig. 19 with even higher

EJ :

EJ

values,

the neighborhood of S continues to be

regular (with R and Dl orbits), but on

S+

chaos creeps in from the outside,

surrounding a system of well developed Di resonances. The clearing by collision with J or ejection only aects the chaotic region whereas stable motion
in the resonances survives.
More detailed studies are necessary to determine the eectiveness of the
collision, ejection, and capture processes in quantitative terms. In connection
with the evolution of the solar system it would be interesting to know the
Lyapunov exponents of the main chaotic region, as a function of

EJ

and

µ,

not only in terms of iteration with the Poincaré map P but also in real time.
Knowledge of the fractal dimensions of the sets of collision, ejection, and capture orbits would tell us how important these sets really are. As a prerequisite
of all this it will be essential to work out the grammar of the system's symbolic
dynamics.

4.6 Trojan orbits
EJ to be discussed briey is the neighborhood
EJ = V4 = −1.499 5 . . . where Trojan periodic orbits emerge

The last interesting range of
of the value

out of the libration points L4 and L5 . The individual orbits are asymmetric;
those near L5 are the Y-images of those near L4 . The theory of Trojan orbits
has a long history; their fascination is certainly related to the anti-intuitive
stability of orbits revolving about a maximum of the Jacobi potential. This
stability originates from the Coriolis forces and holds, according to linear
analysis, as long as

µ < µ1 = 0.038 52 . . ..

In Hamiltonian systems, however,

linear analysis can only establish instability; to guarantee stability, the nonlinearities must be taken into account, i. e., it must be checked whether the
assumptions of the KAM theorem are fullled.

This was done by Deprit
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Poincaré sections ṙs = 0 on S − (left) and S + (right) with Trojan
resonances; µ = 0.001 and EJ = −1.4995. The thick grey lines are J-collision orbits
(rst encounter).

Figure 19:

& Deprit-Bartholomé (1967) with the result that stability could be proved

µ < µ1 except
µc = 0.010 913 . . ..

for all
and

for the values

µ2 = 0.024 29 . . ., µ3 = 0.013 52 . . .

The rst two exceptions are internal resonances of

the Trojan motion, of winding numbers 1/2 and 1/3 respectively, and this
prevents an application of the theorem.

The value

µ = µc

is a case where

the twist vanishes, and this again violates the assumptions of KAM theory.
Therefore numerical investigations must clarify what happens there.
But before we turn to this matter, consider Fig. 19 where the S-basin
with our standard value

µ = 0.001

is shown.

The Trojan resonances are

well developed; their range of stability is comparable in size with that of
the other major resonances.

The rest of the picture resembles Fig. 9 even

though there is no energetic barrier to prevent escape across the ridge.

A

new hyperbolic orbit b near L3 has emerged, but it is small in size and only
mildly unstable. Its invariant manifolds form the narrow chaos band (shown
in grey) that surrounds both Trojan resonances. As a gate to the outside it
is almost impenetrable and rather acts as a separatrix. Orbits a and c (not
shown) have grown in size, their manifolds behave as in Fig. 18. The apsides
of J-collision orbits extend farther out of the J-basin, to both sides of the
ridge. This strengthens the clearing eect: chaotic orbits have a good chance
to either terminate on J or being ejected. Inside the S-basin, the extent of
chaos has become larger; small resonances have been swallowed, the bigger
ones persist.
It would be interesting to follow the fate of the Trojan resonance to higher
and lower values of

EJ .

Instead, let us concentrate on the classical question

of the stability of the Trojan periodic orbit at the value
it is just the equilibrium point.

EJ = V4 (µ)

where

The work of Deprit & Deprit-Bartholomé

(1967) indicated a special role of internal resonances with winding numbers

Peter H. Richter

86

Details of Poincaré sections S + in the window 0 ≤ x ≤ 0.8, 0.4 ≤
y ≤ 1.2. The values of µ from left to right are µ4 = 0.00827; µc = 0.010913;
µ3 = 0.01352; µ = 0.02 (upper row); µ2 = 0.02429; µ = 0.03; µ1 = 0.03852;
µ = 0.04 (lower row). The values of EJ are always −1.5 + µ(1 − µ)/2. The Trojan
orbit is indicated as a white dot.

Figure 20:

1/k

around the Trojan orbit. These occur at

1
µk =
2

s
1−

16k 2
1−
27(k 2 + 1)2

!
(k ≥ 1).

(23)

Fig. 20 shows what that means in terms of Poincaré sections. Eight values

µ were chosen, starting with µ4 = 0.00827 at top left and ending with µ =
0.04 at bottom right. We observe the phenomenon of breathing (Richter
et al. 1990): the islands are small and the surrounding chaos correspondingly
strong near internal resonances, i. e., at
For

k≥4

µ = µk ; in between the opposite holds.
µ3 and µ2 the numerical study

the islands keep a nite size but at

suggests that they shrink to size zero. This interprets the analytical results
of Deprit & Deprit-Bartholomé. However, nothing exceptional is observed for
the case

µ = µc

where the twist vanishes. A somewhat surprising nding is

that the island does not disappear at

µ = µ1

where the Trojan orbit has been

proven to lose its stability. The interpretation is that the island detaches itself
from the Trojan orbit. This can be seen in the last picture of the sequence;
the white dot there has a hyperbolic environment.
The classical theory of Trojan orbits has focused on the determination
of locus and linear stability of the two periodic orbits that emerge from L4

EJ is varied
EJ > V4 and a
as

above and below

V4 (µ). There is a short period orbit at
EJ < V4 . Their intricate bifurcation

long period orbit at

scheme has been reviewed by Deprit & Henrard (1970).

The technique of

Poincaré sections makes it much easier than was then possible to work out
and understand all those details.
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5 Hill's case and the Kopenhagen problem
The case study for the Sun-Jupiter system, fragmentary as it is, gives a fair
impression of the nature of the restricted three-body problem.

µ1/3 = 0.1, it
cases µ → 0 (Hill)

With the

relevant mass parameter

occupies an intermediary position

between the limiting

and

µ = 0.5

(Strömgren).

Let us

close this review with short remarks on these two cases.

Ξ or X respectively, dened in
Ξ interchanges the two libration
as well as the orbits c and a. Since Ξ includes time reversal,

Both cases possess an additional symmetry,
(17) and (14). In the Hill limit, application of
points L1 and L2

the stable manifolds map to the unstable manifolds, and vice versa. In the
Kopenhagen problem, X interchanges L2 and L3 as well as the orbits a and b;
it leaves L1 and orbit c invariant.

5.1 The Hill problem
The Hill equations provide a rst approximation for the discussion of motion
inside and in the vicinity of any planetary basin. Even for masses as large as
the real Jupiter's

µ = 0.001,

the qualitative picture in the J-basin is roughly

the same as in Hill's basin, cf. Figs. 11 and 21.

ξ = (1/3)1/3 = 0.693 361 from the
V1 = − 32 31/3 = −2.163 374. Hill
had a particular interest in the value EH = −3.254 because there the periodic
The libration points L1,2 have distance

center, and the Jacobi potential there is

orbit g can be used as a starting point for lunar theory; its lower apsides are at

(ξ, η) = (±0.176, 0). For a discussion of chaos, however, we must go to higher
EH . Fig. 21 shows that the interesting transition range from regular
to chaotic behavior is −2.20 < EH < −2.13. At EH = −2.20 (left) the phase
values of

space is still dominated by regular orbits. The only weak chaos band (white)

Ξ and Y symmetric unstable hyperbolic orbit g which has
ξ axis and the higher apsides on the η axis. There
0
0
0
are two stable resonances with central periodic orbits g and Ξg . Orbit g has
originates from the

its two lower apsides on the

its higher apsis near L2 and the lower to the left of the center; it bifurcates
from g as EH grows above −2.250 (at which point g loses its stability). At
EH = −2.16 (middle) the gates at L1 and L2 have opened and orbits a, c exist.
Chaos dominates but some KAM orbits with high eccentricity survive. The

0

two g resonances remain strong; a vefold sub-resonance surrounds them. At

EH = −2.13 (right) the orbits g0

have lost their stability and the only traces of

order are orbits with high eccentricity, among them a resonance with winding
number 1/6 (four of its lower apsides are clearly visible, the other two are
close to collision on the
At still higher

EH

ξ

axis).

most orbits leave the Hill basin so that it becomes

dicult to produce a meaningful Poincaré picture. (Note that this is only true
for the

S+

section; the retrograde orbits are still almost unaected.) Instead

we show for the case

EH = −2.02

how the stable and unstable manifolds of

the dominant hyperbolic orbits ll the basin.
and

Mu (c)

(black).

Fig. 22 gives

Ms (g)

(white)

Four related pieces are obtained with the symmetry
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S + sections of typical orbits in the Hill basin, for the three values
EH = −2.20 (left), 2.16 (middle) and 2.13 (right).

Figure 21:

Stable manifold of orbit g (white) and unstable manifold of orbit c
(black) on S + (right) and S − (left). The left picture also shows the three dominant
hyperbolic orbits g (white) and a, c (black). Note that a and c revolve clockwise, g
anticlockwise.
Figure 22:

operations

Ξ

and Y:

Mu (g) = Y Ms (g),
Ms (a) = Ξ Mu (c),
Ms (g)

is invariant under

ΞY

Ms (c) = Y Mu (c),
Mu (a) = Ξ Y Mu (c).

because g has both symmetries.

(24)

Remember

that unstable manifolds may not intersect each other, hence, intricate as it
is, the folding of

Mu (a), Mu (c)

and

Mu (g)

must respect this rule. On the

other hand, there are plenty of homo- and heteroclinic points which implies
horseshoes, innities of unstable periodic orbits: chaos. For the most part,
the manifolds are located on the
is room in the picture of

S−

ϕ̇ > 0

side of the surface of section, so there

to also show the three orbits a, c, g.

5.2 The Kopenhagen problem
We end with an even briefer aperçu on the Kopenhagen problem
planetary motion in a double star system.

µ = 0.5:

With libration points on three

dierent energy levels, the phase space structure is richer than in the Hill limit
(but simpler than in the general case). Hénon (1965) established the existence
of 22 families of simple symmetric orbits (periodic, homo- or heteroclinic)
and carefully analyzed their parameter dependence as well as their linear
stability.

It was not possible at the time to explore the ranges of stability

around elliptic orbits, or the extent of chaos associated with hyperbolic orbits.
With today's computing power, this can be done even on standard PC's.
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Orbits on S − (left) and S + (right) in the Kopenhagen problem with
EJ = −1.75. Section condition ṙ = 0.

Figure 23:

Unstable manifolds Mu (c) (black) and Mu (g) (white) in the Kopenhagen problem, EJ = −1.75. The orbits c, initial point (x, y) = (−0.070 430 522 7, 0)
and g, (0.764 416, 0), are shown on S − and S + , resp.
Figure 24:

Consider the energy surface

Ec

for

EJ = −1.75

V1 = −2
V2 = V3 = −1.728 . . .

which is above

to enable crossover between the two basins, but below

to prevent escape. The system has two symmetries X and Y; the combined
operation XY is inversion with respect to the libration point L1 . We choose
polar coordinates

S

−

(r, ϕ)

with respect to that point. The two halves

of the surface of section

S

dened by the condition

under X and Y. They connect along the line of tangency
line

V = EJ

ṙ = 0
ϕ̇ = 0,

S+

and

are invariant
i. e., the level

of the Jacobi potential in conguration space; the Poincaré map

is discontinuous there. The lines invariant under X or Y belong to
are apsides on the
partitioning of

Ec

y

or

x

S;

they

axis, respectively. Fig. 23 is respresentative for the

into regular and chaotic regions. Seven regular orbits are

shown in black, and seven chaotic orbits in white. The regular orbits belong

0

to four resonances, centered around stable periodic orbits of families f, g , and

0

0

0

their partners under X, called h=Xf and i =Xg . The orbits f and g possess
the symmetry Y but violate X. Orbits f and Xf are retrograde about J and

0

0

S, respectively, and belong to the bigger islands. Orbits g and Xg are direct
and have a small range of stability. All seven chaotic orbits seem to be dense
in the same region of global chaos. The hyperbolic orbits responsible for this
chaos are shown as thin lines in Fig. 24: orbit c (black) possesses symmetries X
and Y, orbit g (white) is only Y-symmetric; its partner Xg is not shown. The
stable and unstable manifolds of c, g, and i=Xg are the essential structural
feature inside the chaotic region. The gure only shows

Mu (g) (white).

Mu (c)

(black) and

The requirement that they must not intersect themselves nor
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each other forces them to follow entangled paths, in close alignment along
half of

Mu (c).

Mu (Xg). Note that Mu (c)
Mu (g) is taken to Mu (Xg) by

The other half is approached by

possesses the inversion symmetry XY while
application of XY.

The obvious fact that the lines shown in Fig. 24 and their images under Y
have homoclinic and heteroclinic intersections is proof that the dynamics contains horseshoes, hence chaos.

6 Bones and Flesh
The restricted three-body problem has long served as a paradigm for nonintegrable conservative systems with two degrees of freedom.

It stimulated

research on chaos related stability problems in diverse elds, such as

physics

(Chirikov 1979, Greene 1979),

mann 1989) and

quantum mechanics

uid dynamics

plasma

(Lorenz 1963, Groÿ-

(Gutzwiller 1990, Haake 2000).

The

methods and techniques worked out there can now serve as useful tools for a
deeper look into cosmic dynamics. The focus is likely to shift from the precise
determination of single trajectories to a comprehensive description of phase
space structures and their change under parameter variations. As more and
more extrasolar planetary systems are being discovered, the interest in such
knowledge will grow as a prerequisite to understanding the late stages of their
evolution.
Yet a planetary system, like our own, has more than two degrees of freedom. This is why many researchers have turned to numerical studies of realistic situations with six or ten or even more bodies. J. Laskar, M. J. Duncan
and E. Kokubo have made signicant contributions to the eld and the lat-

5

ter two review the development in this volume ; Wisdon (1987) must also be
mentioned in this context. Does this make obsolete the study of three-body
systems? Not at all. Mathematical certainty is one of the best allies in computer experimentation. Without the KAM theorem, for example, one would
not be sure how to interpret the line structures in Poincaré sections.

With

the KAM theorem, on the other hand, one has a positive stability statement
for two degrees of freedom, and the question may be asked how this generalizes to more than two. At present it seems that already for three degrees
of freedom essential pieces of insight are missing; the existence of KAM tori
no longer guarantees stability there. And what about positive statements on

instability ?

This is an even more delicate matter.

The existence of horse-

shoes does imply instability with mathematical rigor, but only for sets of zero
measure.

Will it be possible to identify larger invariant sets on which the

dynamics is ergodic, without being ergodic on the entire energy surface? The
issue cannot be settled by computer work alone, but also not without it. As a
case in point where the interaction of analytical and numerical work has led
to security in the distinction between regular and weakly chaotic motion, we
mention Laskar's frequency map analysis (Laskar 1993).
A general picture emerges from a study of the Euler-Jacobi three-body

5

page 93 and 117 respectively
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problem when we apply Poincaré's ingenious idea not only to individual energy surfaces but to the entire phase space.

In other words, take all two-

dimensional Poincaré sections from low to high energies and stack them upon
each other. The three-dimensional object so constructed has bones and esh:
regions with regular motion are the bones, formed by concentric layers of
invariant tori around families of stable periodic orbits; chaotic regions are
the esh, organized into compartments on all scales by sheets of stable and
unstable manifolds that spread out from families of unstable periodic orbits.
Integrable systems are all bones, ergodic systems all esh.

But the typical

situation is an organic coexistence of the two, with branching and hierarchical
ordering. We have caught glimpses of that structure; the full picture is still
lacking.
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