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Rigid body dynamics is taught in mechanics courses as the highlight of non-trivial integrability. Yet
the overwhelming majority of problems in the field is non-integrable. The beautiful methods of integration
developed by the heroes Euler, Lagrange, Jacobi, Weierstraß, Kovalevskaya, Poincaré and others, distract
from the fact that chaos rather than regularity is the rule, and that numerical as well as graphical methods
ought to be developed to exhibit the system’s true complexity. The paper describes attempts in that
direction, focusing on the identification of invariant sets in configuration and momentum space, and on the
definition of convenient Poincaré surfaces of section.
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1 Introduction

Rigid body dynamics refers to the rotational mo-
tion of an extended object with no internal degrees
of freedom in a constant gravitational field pointing
in the direction γ. One of its points is held fixed
in space. In case the fixed point is the body’s cen-
ter of mass, the system is called Euler’s top. In
general, however, the fixed point is different from
the center of mass, and a physical device is needed
to hold the fixed point at its place. This is a se-
rious problem for the assumption that the configu-
ration space is SO(3): with a Cardan suspension,
for example, it becomes a 3-torus T3; furthermore,
the suspension’s moment of inertia and orientation
relative to the gravitational force add to the com-
plexity of the motion. This is usually ignored and
will only be mentioned here as a challenge for fu-
ture work. I follow the tradition and stick to the
Euler-Poisson equations of SO(3) dynamics in spite
of some doubt whether they fully describe any real
physical system . The reason is simply that their so-
lution space is still far from being explored. There
exist the three well known integrable special cases
of Euler, Lagrange, and Kovalevskaya, but the vast

majority of systems is non-integrable and exhibits
some degree of chaos. Our aim is to present practi-
cal methods to deal with this.

The system has four essential parameters. Two of
them are ratios of principal moments of inertia with
respect to the fixed point, the other two define the
position of the center of mass in the system of prin-
cipal axes. Originally, the Euler-Poisson equations
contain three moments of inertia A1 ≥ A2 ≥ A3

and three position variables s = (s1, s2, s3) for the
center of mass. But the scaling of time and space
may be done in such a way that A1 = 1 and |s| = 1.
The relevant parameters are then α = A2/A1 and
β = A3/A1 for the shape of the body, and two angles
for the location on a sphere of the center of mass.
From elementary considerations the numbers α and
β must fulfill the conditions α + β ≥ 1, α + 1 ≥ β,
and β+1 ≥ α. The possible combinations are shown
as colored points in Fig. 1. (The seven different col-
ors will be explained in Sec. 4.)

The integrable cases exhaust only sets of codi-
mension two or three in this four-dimensional pa-
rameter set. Hence almost everything is still not
well understood. The aim of this presentation is
to outline how one might proceed to collect the in-
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2 P.H. Richter: Rigid Body Dynamics

FIG. 1. Katok’s partition of the (α, β)-plane into seven
color coded regions, corresponding to different types of
bifurcation diagrams, see Sec. 4.

formation still missing for a comprehensive picture.
The basic equations and the phase space settings are
recalled in Section 2. Particular emphasis will be
given to invariant sets and their bifurcations. Sec-
tion 3 is a brief discussion of Euler’s and Lagrange’s
special cases before Katok’s more general cases are
treated in Section 4. The final Section 5 is devoted
to the question how a generally suitable Poincaré
surface of section may be identified for an analysis
of chaotic motion and of bifurcation trees of periodic
orbits.

2 Phase space and invariant sets

As the configuration space SO(3) has three degrees
of freedom, the phase space is 6-dimensional, with
Euler’s angles and the corresponding canonical mo-
menta as a possible choice of coordinates. Energy
h and vertical component l = 〈l, γ〉 of the angu-
lar momentum vector l are two general constants
of motion, hence the phase space is foliated by 4-
dimensional invariant sets. In general, no other
function of the phase space variables is conserved,
i. e., the motion is non-integrable. However, in case
a third integral exists, the system is integrable and,
according to the Liouville-Arnold theorem [1], foli-
ated by 3-dimensional invariant tori. This is true
for Lagrange’s and Kovalevskaya’s tops. The Euler

top has one further conserved quantity, namely, the
squared angular momentum 〈l, l〉 =: g2; its motion
may therefore be called super-integrable, and the
invariant sets are 2-dimensional tori.

2.1 Reduced phase space

The general symmetry with respect to rotation
about the vertical axis allows for separation of
the corresponding angle ϕ. This means the
relevant part of configuration space is only 2-
dimensional, the corresponding reduced phase space
4-dimensional. The angular momentum l is treated
as a system parameter which enters the effective
potential of the Hamiltonian through a centrifugal
energy ∝ l2. However, a canonical treatment in
terms of Euler’s angles ϑ (polar angle between di-
rection of gravity and an axis fixed in the body) and
ψ (rotation about the body-fixed axis) is too cum-
bersome to be practical. In the standard setting,
due to Euler, the description is simplified by em-
bedding the reduced phase space in a 6-dimensional
space where the components (γ1, γ2, γ3) of γ with
respect to the body’s principal axes represent a 3-
dimensional configuration space, and the compo-
nents (l1, l2, l2) of the angular momentum vector l,
again in the body-fixed reference system, represent
the momentum space. This space is endowed with a
Poisson structure where 〈γ, γ〉 = Cγ and 〈l,γ〉 = Cl

are Casimir constants, i. e., conserved quantities ir-
respective of the Hamiltonian H generating the flow
in time: instead of the canonical bracket given by
the standard symplectic 6 × 6-matrix J , the phase
space possesses the Poisson bracket

{F, G}p =
∂F

∂(γ, l)
· Jp

∂G

∂(γ, l)
(1)

with Jp =
(

0 Γ
Γ Λ

)
, where Γ and Λ are the anti-

symmetric matrices corresponding to γ and l:




0 −γ3 γ2

γ3 0 −γ1

−γ2 γ1 0


 ,




0 −l3 l2
l3 0 −l1

−l2 l1 0


 . (2)
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The time development of any function F (γ, l) on
phase space is given by

Ḟ = {F, H}p, H =
1
2
〈l, A−1l〉 − 〈γ, s〉, (3)

where H is the Euler-Poisson Hamiltonian. From
Jp∂Cγ/∂(γ, l) = Jp∂Cl/∂(γ, l) = 0 it follows that
Cγ and Cl are constants of motion for any Hamil-
tonian; their values Cγ = 1 and Cl = l are deter-
mined by physical reasoning. Our phase space pic-
ture is now the following [8]: it is composed of a 2-
dimensional configuration space, the Poisson sphere
S2(γ) : 〈γ, γ〉 = 1, and a 3-dimensional momentum
space R3(l) where each value of γ defines another
plane 〈l, γ〉 = l.

The equations of motion for (γ, l) derived in
this framework are traditionally written in terms
of (γ,ω) where the angular velocity vector ω =
(ω1, ω2, ω3) =: (p, q, r), in the system of principal
axes, is related to l by li = Aiωi. The Euler-Poisson
equations read

γ̇ = γ × ω, Aω̇ = Aω × ω − γ × s. (4)

They do not describe the ϕ-motion which is pas-
sively coupled to them and can be determined by
quadrature once the time course of γ and ω is
known,

ϕ̇ =
γ1ω1 + γ2ω2

γ2
1 + γ2

2

. (5)

Associated with the ϕ-motion, there is a contri-
bution l2/2〈γ, Aγ〉 in the kinetic energy part of the
Hamiltonian. This centrifugal potential and the
gravitational potential together form the effective
potential on the γ-sphere,

Ul(γ) =
l2

2〈γ, Aγ〉 − 〈γ, s〉. (6)

2.2 Invariant sets and their topology

Each pair of constants h, l defines a 3-dimensional
energy sphere

E3
h,l = {H = h,Cl = l} ⊂ S2(γ)× R3(l). (7)

According to Smale [11], its topological structure is
determined by its projection to the Poisson sphere,

FIG. 2. Left: Poisson sphere with accessible region U2
h,l

(red) for (h, l) = (1, 1). The moments of inertia are
(A1, A2, A3) = (1.7, 0.9, 0.86), the center of mass s is
on the γ1-axis which points to the left backside. Since
U2

h,l is a disk, the energy surface E3
h,l is a 3-sphere. Right:

Envelope of the corresponding accessible region V3
h,l in

ω-space, the l1-direction pointing backward to the left.
One quarter of the envelope has been cut away to allow
for inspection of the interior of V3

h,l. The preimage P2
h,l

of ∂V2
h,l in phase space is a torus T2.

i. e., by the energetically accessible part U2
h,l =

{Ul(γ) ≤ h} ⊂ S2(γ). For example, when U2
h,l is

a disk like the red part of the Poisson sphere in
Fig. 2, then E3

h,l is a 3-sphere S3. When U2
h,l is an

annulus like the green part of the Poisson sphere
in Fig. 3, then E3

h,l is the direct product of S1 and
S2. When U2

h,l is the full Poisson sphere, then E3
h,l

is a Poincaré sphere, or the projective space RP3.
There are more possibilities as we shall see.

The projection of E3
h,l to l-space gives the set

V3
h,l of accessible momenta which is usually 3-

dimensional. Its envelope ∂V2
h,l is an interesting in-

variant feature of the dynamics; it was shown in [3]
to be characterized by the condition

dl2

dt
= 0, or 〈l, γ × s〉 = 0, (8)

i. e., it consists of points where the absolute value
of the angular momentum passes a local extremum,
either a maximum or a minimum. The preimage
of this set in E3

h,l is a 2-dimensional oriented mani-
fold P2

h,l which induces a Heegaard splitting of E3
h,l

into two disjoint filled-in manifolds M and M′.
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FIG. 3. Left: Another example of U2
h,l (green) and

V3
h,l, for (h, l) = (3.6, 2.75). The moments of inertia

are (A1, A2, A2) = (0.8, 1.1, 0.9), the center of mass s
is again on the γ1-axis. Since U2

h,l is an annulus, E3
h,l is

a surface of type S1 × S2. The preimage P2
h,l of ∂V2

h,l is
again a torus T2.

Inside M the sign of dl2/dt is positive whereas
it is negative in M′. Trajectories l(t) lie in the
closed domain V3

h,l and are tangent to ∂V2
h,l. When

lifted to the energy surface, this tangency becomes
a crossing-over between M and M′, at almost all
points of P2

h,l. Not all trajectories can be directed
towards the interior of M (or M′), hence P2

h,l con-
sists of disjoint open domains with different direc-
tions of the flow. Their boundary is given by the
condition d2l2/dt2 = 0 or, in explicit terms [3]

|γ × s|2 + 〈l× γ, s×A−1l〉 = 0. (9)

2.3 Bifurcations of energy surfaces

Given a set of moments of inertia A and the location
of the center of mass s, the energy surfaces E3

h,l are
smooth manifolds for most values (h, l). The excep-
tion are values (h, l) for which E3

h,l contains points
(γ, l) where the momentum map F : (γ, l) 7→ (h, l)
is singular, i. e., rank(dF < 2). The corresponding
set of critical values (h, l) is called the bifurcation
set Σ. It is a set of codimension 1 in the (h, l)-
plane1. When (h, l) varies across a line of Σ, the

1In the three integrable cases where another integral ex-
ists, the analysis is a little different. See Sec. 3 for the cases
of Euler and Lagrange, and [8] for the Kovalevskaya case.

topological type of E3
h,l changes. Examples will be

given in the following sections.
It is not difficult to see [3] that Σ consists of

those (h, l) where the Euler-Poisson equations have
stationary solutions γ̇ = 0, l̇ = 0. At these rela-
tive equilibria the only possible motion is that of
the angle ϕ. A third, equivalent characterization
of critical values was given by Tatarinov [12] who
proved that they are in one-to-one correspondence
with the critical points of the effective potential.
This gives us some freedom to choose the most con-
venient method for computing the bifurcation set.

The bifurcation sets of the surfaces P2
h,l and ∂V2

h,l

are more difficult to obtain because the additional
condition (8) and, in the case of ∂V2

h,l, complica-
tions arising from the projection to l-space must be
taken into account. This will be discussed in Sec. 4.
But first let us see what types of topological struc-
tures for E3

h,l, P2
h,l, and ∂V2

h,l are encountered in the
integrable cases of Euler and Lagrange.

3 Integrable cases

3.1 Euler’s case

The case of Euler is special in that the center of mass
is at s = 0. Hence the Euler-Poisson equations (4)
separate; the l-motion is autonomous, and the γ-
motion couples passively to it. To put the discussion
in the framework developed above, we ignore the
integral 〈l, l〉 = g2 and focus on the (h, l)-bifurcation
diagram given by the critical points of the effective
potential

Ul(γ) =
l2

2〈γ, Aγ〉 . (10)

Note that l is here the projection of the angular mo-
mentum vector l to an arbitrary direction in space:
due to the absence of a gravitational force all di-
rections are equivalent. Assuming A1 > A2 > A3

we find six critical points: two minima Ul = l2/2A1

at γ = ±(1, 0, 0) =: ±e1, two saddle points γ =
±(0, 1, 0) =: ±e2 with Ul = l2/2A2, and two max-
ima Ul = l2/2A3 at γ = ±(0, 0, 1) =: ±e3.

The potential is illustrated in the left part of
Fig. 4. The only individual equipotential line shown
is that of the saddle points. The others are topolog-

Nonlinear Phenomena in Complex Systems Vol. 4, No. 3, 2006
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FIG. 4. Left: Effective potential Ul(γ) on the Poisson
sphere, for some given l. The major axes e1, e2, e3 point
backward, upward, and to the right, respectively. Right:
Bifurcation diagram for Euler’s case with (A1, A2, A3) =
(2, 1.5, 1). The horizontal axis is h, the vertical l. Colors
indicate the topological type of E3

h,l.

ical circles around the minima (yellow regions) or
maxima (green regions). The bifurcation diagram
is obtained by equating h to the values of Ul at
the critical points. Only the l ≥ 0 half is shown
in the right part of Fig. 4. Consider now a point
(h, l) in the yellow part of the bifurcation diagram.
When l is parallel or antiparallel to the chosen ref-
erence direction in the inertial frame, g2 = l2, all
kinetic energy is in the ϕ-motion, h = Ul(γ). The
trajectory on the Poisson sphere is one of the two
corresponding closed equipotential lines. Now re-
member the freedom of letting l point to different
directions in space: the same (h, l) may be obtained
from a larger g2, with l tilted away from the refer-
ence direction and closer to the direction e1 in the
body-fixed frame. This means that the entire re-
gion between the equipotential lines and the min-
ima of Ul is accessible. Similar considerations hold
for points (h, l) in the green and blue regions of the
bifurcation diagram. We find that the accessible re-
gions are two disks in the yellow region, an annulus
in the green region, and the full Poisson sphere in
the blue region. Hence the energy surfaces are, re-
spectively, two disjoint 3-spheres, a manifold of type
S1 × S2, and the Poincaré sphere RP3.

Their projections into l-space are 2-dimensional
domains on the ellipsoid 〈l, A−1l〉 = 2h. Fig. 5
shows the corresponding domains in the space of
angular velocities ω where they lie on the ellipsoid

FIG. 5. Admissible angular velocities ω for given (h, l)
in the Euler case (A1, A2, A3) = (2, 1.5, 1). The values
(h, l) are, from left to right, (0.33, 1), (0.42, 1), (0.6, 1).
In the two pictures at right, one quarter of the ellipsoid
has been cut away to give a better impression of ∂Vh,l.

〈ω, Aω〉 = 2h. Again, they are two disks, an annu-
lus, and the full ellipsoid, respectively. It is a special
feature of the Euler case that V3

h,l is 2-dimensional
and therefore identical to ∂V2

h,l.

3.2 Lagrange’s case

The case of Lagrange is already much more involved.
In line with the more general setting of Sec. 4 we
assume A2 = A3 = αA1 with α ≥ 1/2, and s = e1.
The effective potential is then

Ul(γ) =
l2

2A1

(
α + (1− α)γ2

1

) − γ1. (11)

It is symmetric with respect to rotations about the
axis e1. Nevertheless, the Lagrange case possesses
three qualitatively different types of bifurcation di-
agrams [7] in the ranges (i): α > 1 (“cigar type”),
(ii): 1 > α > 3/4, and (iii): 3/4 > α ≥ 1/2 (“disk
type”); it has five different kinds of effective poten-
tial and six topological versions of envelopes ∂V2

h,l.
The bifurcation diagrams are best determined from
the critical values of the effective potential. They
are shown for types (i) and (ii) in Fig. 6, and for
the more complex type (iii) in Fig. 7. Colors code
for the topological structure of the energy surface.

The five kinds of effective potentials are shown
in Figs. 8 and 9. Again, the color scheme repre-
sents the topology of E3

h,l, given a value of (h, l):
red for S3, green for S1 × S2, blue for RP3, yel-
low for 2S3, and magenta for a disjoint union of S3

and S1 × S2. The simplest kind of potential (red
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6 P.H. Richter: Rigid Body Dynamics

FIG. 6. Bifurcation diagrams for types (i) and (ii) of
Lagrange tops. Left: A1 = 1, α = 1.5, type (i); right:
A1 = 1.4, α = 0.757, type (ii).

FIG. 7. Bifurcation diagram type (iii), with a blow-up
of the little window; A1 = 2, α = 0.505.

sphere) is characteristic of low values of l, for all
three types of bifurcation diagram, see the left part
of Fig. 8. Its only critical points are the minimum
at γ = e1 (sleeping top in hanging position) and
the maximum at γ = −e1 (sleeping top in upright
position). The second kind, at sufficiently large l
(green at low energy, red at higher, see the right
part of Fig. 8) occurs only for α > 1. With (h, l) in
the green region, the centrifugal potential keeps the
motion away from the equilibrium point at γ = e1;
hence the accessible region U2

h,l is an annulus and
the energy surface correspondingly S1 × S2. At low
values of α and (h, l) in the tiny region blown up in
Fig. 7, we find the three kinds of potential shown
in Fig. 9. As h increases for given l, a relative min-
imum of Ul may appear along a circle in the ma-
genta region (the two cases at left), or at the un-
stable equilibrium position γ = −e1 (at right). In
the former case, an annulus of accessible (h, l) de-
velops from the circle, disjoint from the disk already
present. This gives rise to an energy surface with
two disjoint components, one S3, the other S1 × S2.
Upon further increasing h, the annulus may merge
with the disk so that U2

h,l is again a single disk (red

FIG. 8. The two simple types of potential Ul(γ) on the
Poisson sphere. The point γ = e1 points backward to
the upper left. Equipotential lines are circles γ1 = const.
Left: small l for any α. Right: this type exists only
for α > 1 and sufficiently high l, here: α = 1.5 and
l = 3. For given γ and h = Ul(γ), the accessible region
U2

h,l = {γ′ : Ul(γ′) ≤ h} is a disk for γ in the red regions,
an annulus for γ in the green region.

color), or the hole at γ = −e1 may close so that
U2

h,l consists of two disjoint disks (yellow color). In
that case, the transition to complete covering of the
Poisson sphere occurs not through closing the hole
at e1 but via a critical circle at the center of the
yellow region. This scenario also takes place when
the relative minimum first appears at the unstable
equilibrium position, see the right part of Fig. 9.

FIG. 9. Effective potentials Ul(γ) for three values of l
from the case of Fig. 7, α = 0.505. From left to right:
l = 1.82 (values of the potential increase from red to
magenta to red), l = 1.85 (red to magenta to yellow),
l = 2.1 (red to yellow).

Altogether, there are five colors in the bifurcation
diagrams, corresponding to the five types of energy
surfaces described. The manifolds P2

h,l are 2-tori in
all five cases, single T2 in the red, blue, and green
regions, pairs of T2 in the yellow and magenta re-
gions. As to their projections ∂V2

h,l, the following
fact must be taken into account [3]. The projection
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FIG. 10. Three of the six kinds of enveloping surfaces
∂V2

h,l in ω-space, for Lagrange tops. A1 = 1, α = 1.5.
The values (h, l) are (4.5, 3), (3.1, 3), (1.1, 0.3). The di-
rection ω = e1 points to the left. All surfaces possess
rotational symmetry with respect to e1; one quarter has
been cut away to make the inside visible.

FIG. 11. The other three kinds of ∂V2
h,l. The red sur-

face was computed for A1 = 1, α = 1.5, the other two
for A1 = 2, α = 0.505. The values (h, l) are (0.85, 0.3),
(1.851, 1.85), (2.307, 2.1).

is generally 1:1 except where l is collinear with s.
In the Lagrange case this happens when ∂V2

h,l has a
point on the e1-axis. The preimage of this point in
P2

h,l is a circle. In this way the projection produces
singularities where there are none in P2

h,l.
Let us close this section with a survey of the six

different structures of envelopes in Figs. 10 and 11.
Except for the red case where E3

h,l is a 3-sphere, we
have just one representative for each type. It is not
difficult to recognize them all as projecitions of one
or two 2-tori if it is remembered that points on the
e1-axis have S1-manifolds as their preimage. The
numbers of singularities from the projection are 0
(green), 1 (magenta), or 2 (blue and yellow). The
red envelopes come in two varieties: they may have
one or three singularities on the symmetry axis.

4 Katok’s more general cases

Let us now turn to a class of rigid body systems
where the motion is no longer integrable. Space
does not permit to represent all its complexity and
beauty, so a general outline and a few examples
must suffice. For details, the reader is referred to
the paper [3]. The class puts no restriction on the
moments of inertia, but it assumes the center of
mass to lie on one of the principal axes. If we take
this axis to be the e1-axis, then we may no longer
generally assume the ordering A1 ≥ A2 ≥ A3 of the
moments of inertia (but α ≥ β may still be required
without loss of generality). Still we consider a
2-dimensional subset of the full parameter space,
but it is much richer than the Euler case where
gravity is absent, and larger by one dimension
in comparison to the Lagrange case α = β. The
Kovalevskaya top is represented by the two points
(α, β) = (1, 1

2) and (1
2 , 1).

Katok [6] was able to derive six different bifur-
cation diagrams for this class. The tiny red region
bounded by the line

α =
9− 8β

(5− 4β)2
, 0.4647... ≤ β ≤ 0.75 (12)

and its mirror image under α ↔ β was only identi-
fied in [3].

The method of choice to compute the bifurcation
set turns out to be the determination of relative
equilibria of the Euler-Poisson equations, using con-
venient parametric representations. Σ consists of a
set of four lines in the (h, l)-plane, some of which
may coincide in special cases. The intricacies lie in
the various kinds of their intersection and the result-
ing partitioning of the (h, l)-plane into regions with
different topologies of E3

h,l. We do not care here to
show any of the bifurcation diagrams because grosso
modo they are similar to those of the Lagrange case;
the intriguing details are hidden in tiny regions like
the small window in Fig. 7. But to get an impres-
sion of the system’s complexity, consider in Fig. 12
the eight different types of effective potentials cor-
responding to the parameter region defined in (12).

The complete list of E3
h,l, P2

h,l, and ∂V2
h,l may be
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8 P.H. Richter: Rigid Body Dynamics

FIG. 12. The eight different types of effective potentials
for s = (1, 0, 0) and (A1, A2, A3) = (1.7, 0.9, 0.86). The
values of the angular momentum l are, from upper left to
lower right, l = 0, l = 1.68, l = 1.71, l = 1.74, l = 1.763,
l = 1.773, l = 1.86, l = 2.0. The colors correspond to
seven types of energy surfaces E3

h,l.

found in [3]. The analysis shows that there are seven
different types of energy surfaces, nine types of P2

h,l,
and – due to projection singularities – ten types
of ∂V2

h,l. The most complicated structure of P2
h,l

is a two-manifold of genus 3, corresponding to the
orange (h, l)-values in the second line of Fig. 12.

I. N. Gashenenko has recently extended the anal-
ysis to the three-dimensional subset of parameter
space where the only remaining restriction is that
the center of gravity lie on a principal plane (private
communication). The degree of complexity has gone
up another step. The general case is still an open
problem.

5 Poincaré surfaces of section

A motivation for the work described so far was to
develop tools for studying non-integrable rigid body
problems in terms of Poincaré sections. The sur-
face P2

h,l fulfills the requirement of being a com-
plete surface of section in the sense introduced by
Dullin and Wittek [2]. Its projection to the envelope
∂V2

h,l in the space of momenta is therefore a natural
choice for a complete representation of all possible
trajectories. Impressive 3D-representations of this
kind for non-integrable rigid body motion have in-
deed been produced by Gashenenko and his group
in Donetsk (private communication). However, the
complex structure of ∂V2

h,l prevents, in general, a
parametrization which would allow for simpler 2D
pictures. Therefore we tried to project the sur-
face P2

h,l, and the intersections of orbits with it, not
into momentum space but onto the Poisson sphere
S2(γ). This was the starting idea for S. Schmidt’s
diploma thesis [9]. 2D-representations of spheres
are easy to handle. Nevertheless, in the course of
that work, still unpublished [10], we encountered a
number of problems.

Clearly, the projection Ũ2
h,l of P2

h,l to the Poisson
sphere must be contained in U2

h,l. It may be a lit-
tle awkward that in general they are not the same,
but this must be expected because P2

h,l is only a
2-dimensional subset of the 3-dimensional E3

h,l. A
more serious problem is posed by the fact that the
projection of P2

h,l to the Poisson sphere is, for most
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points of Ũ2
h,l, 2:1 rather than 1:1 as in the case of

the envelopes. How do we separate the two preim-
ages so that two 1:1-projections may be obtained
which together give a comprehensive picture? It
would be nice if the line of tangency (9) discussed at
the end of Sec. 2.2 would provide such a separation,
but in general this is not the case. An acceptable
procedure could be based on an explicit formula for
the projection given in [3], where the two signs of a
square root allow for an unambiguous definition of
two projections. But a new kind of artificial bifur-
cations appears, solely due to the projection proce-
dure, without any counterpart in P2

h,l.
After a while, discussions with H. R. Dullin led

to a new idea: Instead of (8), the condition

d〈γ, s〉
dt

= 0, or 〈ω,γ × s〉 = 0, (13)

ought to be taken to define the surface of section
P̃2

h,l in E3
h,l when projections are made to the Pois-

son sphere. It has an immediate interpretation in
configuration space: the projection of s to the di-
rection of gravity γ goes through a local extremum.
The particularly nice features are that the projec-
tion of P̃2

h,l is identical to U2
h,l, and that there are

no artificial bifurcations caused by the projection.
In [9] it was shown that with γ from U2

h,l, an
explicit characterization of points (γ, ω) ∈ P̃2

h,l is
given with

ω =
A(Aγ × u)× (ω0 × (Aγ × u))

〈A(Aγ × u), Aγ × u〉

± (Aγ × u)

√
2(h− Ul(γ)√

〈A(Aγ × u), Aγ × u〉 , (14)

where u = γ × s and ω0 fulfills the two equations
〈ω0, Aγ〉 = l and 〈ω0,γ × s〉 = 0.

Consider the two examples shown in Fig. 13.
They are taken from a study of the family A =
(2, η, 1), s = (1, 0, 0), where η = 2 is the Ko-
valevskaya case and η = 1 the Lagrange case. Each
case is represented by two pictures, corresponding
to the two signs of the square root in formula (14)
that gives the two points in the lift of U2

h,l to E3
h,l.

The Poisson sphere is shown in a standard render-
ing where the stable equilibrium γ = e1 is the up-
per boundary, the unstable equilibrium γ = −e1

FIG. 13. Two examples of Poincaré sections from the
family A = (2, η, 1) with s = (1, 0, 0), for (h, l) =
(1.45, 1.41). The upper row is for the integrable case
of Kovalevskaya, η = 2, the lower for η = 1.1 which is
close to the Lagrange case but still non-integrable.

the lower boundary. The energetically inaccessible
part is given a light grey color. The black back-
ground carries incoming trajectories in the left pic-
ture, outgoing in the right. The dark grey back-
ground has intersections with outgoing trajectories
in the left picture, incoming in the right. Intersec-
tions of incoming trajectories are drawn with thick
points, outgoing thin. A given trajectory must take
turns of incoming and outgoing; it may or may not
switch between the left and the right picture.

It takes some time to read these pictures. They
contain all information about the relative degree of
regular and chaotic motion in the system. In partic-
ular, they allow for a numerical study of bifurcation
trees of (stable or unstable) periodic orbits [9], in
much the same way astronomers have studied the
bifurcations of the three-body problem in celestial
mechanics [4, 5]. The difference of the two systems
is that the three-body problem has one essential pa-
rameter (the mass ratio of the two main bodies)
where the rigid body motion has four, and that the
latter has two dynamical constants (energy and ver-
tical component of the angular momentum) where
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the three-body problem has only one (the Jacobi
constant). Hénon has written two books on the bi-
furcation structure of the three-body problem. How
many are there to come on rigid body dynamics?
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