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Introduction

The quest for harmony was Johannes Kepler’s guiding principle when he struggled to
uncover the divine plan in the order of our universe. As you all know, he believed to
have seen the Mysterium Cosmographicum in 1596 (Fig. 1) as an orderly arrangement of
the five Platonic solids, each touching two planetary spheres and thereby defining their
successive distances. According to this model the six planets Mercury, Venus, Earth,
Mars, Jupiter, and Saturn are being held on their respective spheres by octahedron,
icosahedron, dodecahedron, tetrahedron, and cube – an order for which he had a number
of special reasons, following the Pythagorean tradition. It is remarkable that this picture
“explains” the actual relations in our solar system to within some 10% (Fig. 2).

Kepler was eager to confirm his model using the data that Tycho Brahe had col-
lected in his life’s work as a meticulous observer of the sky. He went through a terrible
disappointment when he discovered that the planets do not follow circles but ellipses;
this seemed to be a fatal blow to the beautiful vision of his youth. But gradually he
found order of a higher kind, and praised the Creator for letting him see it . . .
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Fig. 1 Two versions of Kepler’s world model. a: The six planetary
spheres are assumed to obtain their respective radii from the five Pla-
tonic bodies. The outermost sphere is Saturn’s. Inscribed is a cube
which Jupiter’s sphere touches from the inside . As a consequence, Sat-
urn’s sphere is

√
3 = 1.732 times the size of Jupiter’s. The actual value

fluctuates in the range 1.84 ± 0.20 because the orbits are not circular
but rather elliptic. A tetrahedron is seen to lie between the spheres of
Jupiter and Mars, then a dodecahedron between Mars and Earth. b: Af-
ter Kepler found the elliptic nature of the planetary orbits, he modified
his model by attributing the spheres a thickness that takes into account
the difference of maximum and minimum distance from the sun.

I do not refer here to the laws to which his name became attached later, the laws of
the celestial two-body problem: elliptical motion, angular momemtum conservation, and
3:2 scaling of spatial versus temporal units. This was an admirable achievement to be
sure, but there was more, and little known. Kepler was not in the first place interested in
just two bodies. He looked at the solar system as a whole, and tried to detect regularities
in the particular values of eccentricities. In Harmonices Mundi, his most mature opus
of 1619, he reports on his findings, insisting that geometrical harmony be related to
that of musical intervals. Until quite recently there was no basis to appreciate this
kind of “chimériques spéculations” (Laplace, 1821) within the framework of theoretical
mechanics. For those, however, working today in the field of nonintegrable classical
mechanical systems, Kepler’s observations are surprisingly close “to the point”. The
musical harmonies that he identifies in the frequency ratios of planetary motion (at
perihelion, aphelion, or average position) are nothing but resonances in modern terms.
Based on the geometrization of mechanics as worked out by Poincaré and his followers,
we can now relate to “more or less rational” and to “more or less irrational” frequency
ratios, and we see the two extremes as particularly conspicuous types of dynamical
behavior on which natural evolution may operate.

The key to an understanding of how harmony in Kepler’s sense arises, is the obser-
vation that number theory is an important ingredient of stability analysis in complex
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dynamics. Nobody suspected that for at least two hundred years, after Newton had
developped his theory of classical mechanics, and of celestial mechanics in particular. In
a continuous world where natura non facit saltus, how could it matter whether or not a
number was rational, i. e., could be expressed as a ratio of two integers. We know that
almost all numbers are irrational, i. e. cannot be written as a ratio of integers (recall the
classical Greek argument for

√
2 to be irrational). Nevertheless, there are sufficiently

many rational numbers to approximate any real number to arbitrary precision; take, for
example, a decimal number of sufficient though finite length. Eventually the difference
of
√

2 and 1.41421356 . . . ought to be irrelevant for all practical purposes, and so, it was
felt, the distinction of rational versus irrational should not be of interest in physics.

Fig. 2 Comparison of Kepler’s model and the true radii of planetary
orbits. The upper part gives the ratios of radii for spheres separated by
Platonic solids. The lower part demonstrates a remarkable agreement
with the corresponding values for the six planets then known.

But then there was this notorious difficulty to prove the stability of our solar system.
Inspite of Laplace’s bold assertion that he had it, a rigorous proof is lacking to this very
day. In fact, when Poincaré addressed this problem a hundred years ago, developping
his famous Méthodes Nouvelles de la Mécanique Céleste, it appeared the system might
not be stable because for all rational frequency ratios (in a sense to be explained later)
it turned out there was an instability. It took mathematicians some 70 years to recover
a slightly more optimistic point of view: the so called Kolmogorov–Arnold–Moser theo-
rem of 1963 established the notion that sufficiently irrational situations may be robust
against the onset of Chaos, and thereby represent an element of stability. Still this is
far from being directly applicable to our solar system with its 10 celestial bodies. Se-
cure knowledge exists only for special cases of the three body problem. My lecture will
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therefore focus on such simple systems, and demonstrate a few aspects of their dynamic
complexity. Among these, perhaps the most fascinating is that with a certain degree of
universality, special numbers turn out to be particularly important.

Chaos

If Kepler laid the foundation of modern astronomy, Galilei was the father of physics.
Newton stood on these two giants’ shoulders when some 70 years later he formulated his
Principia Mathematica [5]. Common to all three, and to physicists ever since, was the
desire to uncover Nature’s order and express it in mathematical terms, with a tendency
to accept simplicity as an indication of truth. But there are two sides to Nature: one is
the set of laws, the other the set of phenomena that they govern. And while the laws
seem to be simple indeed, it becomes more and more obvious that the time course of
events is typically very complex.

This is by no means a new discovery. Newton knew it well, and many scientists
including Maxwell, Boltzmann, Einstein, Born expressed it very clearly. It must be
confessed, however, that for purely opportunistic reasons, when physicists turn to ex-
plaining phenomena, they tend to select the simple ones, those that can be addressed
with the available tools. What else could they do? Nobody can be blamed for being
silent of what he does not understand.

In mechanics, the simple problems are called integrable, and they have occupied
students ever since Newton, Euler, and the Bernoullis provided the first solutions. As
these grew more and more impressive, they nourished the prejudice that everything
might be integrable for a sufficiently powerful mind. Laplace’s demon is but the symbol
of its extreme form. Unreal as it always was, it did not succumb to better insight: its
exorcism had to wait for powerful computers to be available on everybody’s desk.

. . . and for Jim Yorke, mathematician at the University of Maryland, to introduce
the catchword Chaos into the field of Complex Dynamical Systems, in the title of a
short article in 1975 (Period 3 Implies Chaos [4]). He gave it a precise mathematical
meaning, but of course conciously played with the many resonances that this notion
elicits in everybody’s mind. Out of this joke grew an activity of gigantic proportions,
all over the world. Any serious mechanics course these days tells the students that
integrability is the exception, chaos the rule.

I hope you do not resent too much the liberty we took in stealing a well established
term from the context of genesis. Of course we are talking about something very differ-
ent. But considering that applications to the evolution of the solar system, and even the
cosmos as a whole, have been worked out, Yorke’s terminology may not be altogether
unjustified.

So what do we mean by chaos? We mean dynamical behavior of the state of a system
that can be formulated as a set of simple deterministic rules, and yet is unpredictable
in the long run. We assert that this behavior is ubiquitous. But what do we mean
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by unpredictable in the long run? It means that, given the slightest uncertainty in the
initial state of a system, there comes a time when the rules are of no help any more to
predict the system’s state.

The essence of this behavior can be grasped by a very simple mathematical example.
Let the states of a system be described by the set of numbers x in the interval (0, 1),
and let the rule be: multiply by 2 and ignore the integer part,

x 7→ 2x mod 1 . (1)

The prediction we might be thinking of is to say whether x is smaller or larger than 0.5.
Now let the numbers x be given in their binary representation: x = 0.x1x2x3 . . ., the
bits x1, x2, x3 . . . being either 0 or 1. Then the rule (1) can be stated more explicitly:

0.x1x2x3 . . . 7→ 0.x2x3x4 . . . ; (2)

the bits are shifted to the left by one unit, and the leading bit is lost. Now think of an
initial uncertainty. It means that only a certain number N of bits x1, . . . , xN can be
specified. Our rule then allows prediction up to the N -th step. After that, we cannot
tell whether the number will be smaller or larger than 0.5. Observing the system after
the N -th step will reveal more detailed information about the initial state than we had
at the beginning. We say that this process generates information.

This behavior is often referred to as the butterfly effect, and illustrated by the but-
terfly in Florida that prevents or provokes a thunderstorm in New York. I do not like
this particular illustration because it does not correspond to our daily experience, even
though our weather system is no doubt chaotic. The truth about real physical systems
is that only parts of them are of type (1), and that it may be difficult to identify those
parts.

My favorite physical example to demonstrate this kind of chaos consists of ingredients
that Galileo Galilei introduced into physics. I call it Galilean chaos, and am happy to
present it at this Academy to which he was so closely related [7]. Consider an inclined
plane in front of a vertical wall, and a mass point that is released over it. Assume
that the mass point is reflected elastically both at the plane and at the wall (Fig. 3).
Between any two bounces it will follow a Galilean parabola, so everything is very simply
described and computed (though difficult to demonstrate in a real experiment because
friction and non–elasticity interfere strongly). And yet this elementary physical system
is prototypically chaotic!

How do we analyze this? First we might just look at particular orbits and collect
some experience about their behavior. Three typical examples are given in Figs. 3.
Part (a) shows a periodic orbit. It so happens that it is reflected back into itself at
two points: at the end of its vertical rise, and when it meets the inclined plane at
a right angle. This is obviously a very special situation, and even though there are
infinitely many different periodic orbits, most orbits are not periodic. The next level of
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complication is a quasiperiodic orbit as shown in Fig. 3b. It bears some of the regularity
of periodic orbits in that it comes close to its initial situation in regular intervals, but it
never quite returns into itself. The chaotic orbit of Fig. 3c is clearly different. It looks
erratic at the first glance, and there is obviously no way to predict its time course in
the long run.

Fig. 3 Galilean chaos. An inclined plane meets a vertical wall at an
angle θ = 40◦. A mass point bounces back and forth inside this wedge,
with elastic reflections at the walls. Its orbit may be periodic (a),
quasiperiodic (b), or chaotic (c), depending on the initial conditions.
The Poincaré section (d) combines the essence of the other three pic-
tures. The periodic orbit (a) appears as a set of three points (at the
centers of three islands); the quasiperiodic orbit (b) generates the line
around the main island, and the chaotic orbit (c) fills the grey area. The
coordinates plotted are the v‖ and v2

⊥.

It may be fun to observe a number of such orbits, playing with the initial conditions.
In the end, however, we get tired and wonder whether there isn’t a way to survey all
possible orbits in a single picture. This is precisely what Poincaré achieved when he
suggested to throw away most of the information about those orbits and only retain the
essence. Of the many ways to do so, we chose here to look at an orbit at precisely those
moments when it bounces back from the inclined plane. Taking the two components
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(v‖, v⊥) of its velocity at these moments, parallel and perpendicular with respect to the
plane, identifies the orbit uniquely, given the total energy which is constant during the
motion: the location on the plane derives from the available potential energy. Poincaré’s
idea was to observe the sequence of values (v‖, v⊥) which an orbit generates when we
follow it from bounce to bounce at the plane. A periodic orbit generates a finite number
of such points because it returns to where it started. A quasiperiodic orbit generates a
dense line of points, or perhaps a finite set of such lines. Finally, as Fig. 3d shows, a
chaotic orbit procuces a cloud of points. This cloud does not, in general, cover all possiple
situations; its extent is restricted by the coexistence of periodic and quasiperiodic orbits.
But in contrast to these regular cases, it does cover a finite portion of all possibilities,
and this is in somewhat quantitative terms what we mean by long term unpredictability.

Chaotic and orderly behavior is typically highly interwoven. The picture of Fig. 3d
is simpler than most such Poincaré sections. It contains

• a central island of order, with quasiperiodic orbits of type (b) surrounding a simple
periodic orbit;

• a cycle of three smaller islands of order, with quasiperiodic orbits surrounding a
periodic orbit of type (a);

• one big connected region of chaos which is generated by any initial condition from
within it.

Now consider what happens when we change the angle θ between the vertical wall and
the inclined plane (Fig. 4). The relative amount of chaotic versus regular behavior is
strongly dependent on θ — an observation that came as a surprise but is not untypical.
Though not in all details, it may be understood on the basis of a systematic stability
analysis of periodic orbits [7].

The sequence of Fig. 4 starts with two completely chaotic situations. Computer
experiments indicate that this behavior is found for all angles θ > 45◦. It should be
possible to prove this as a mathematical fact, but so far no proof has been found, for
reasons I shall not discuss. The special case θ = 45◦ is not shown in Fig. 4 because it
contains no chaos whatsoever: in this and only this case the system is integrable, i. e.,
contains only periodic and quasiperiodic orbits. Then slightly below 45◦, there is very
little chaos and lots of different quasiperiodic regions with periodic centers.
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Fig. 4 Sequence of Poincaré sections for 24 different angles θ. (a) θ =
60◦; (b) θ = 47◦; (c) θ = 44◦; (d) θ = 40◦; (e) θ = 37.5◦; (f) θ = 35.5◦;
(g) θ = 34.26◦; (h) θ = 32◦; (i) θ = 30◦; (j) θ = 29.5◦; (k) θ = 26.5◦; (l)
θ = 25.91◦.
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Fig. 4 (continued) (m) θ = 25.5◦; (n) θ = 22.5◦; (o) θ = 21.5◦; (p)
θ = 20.5◦; (q) θ = 20.25◦; (r) θ = 20◦; (s) θ = 18◦; (t) θ = 17◦; (u)
θ = 16.6◦; (v) θ = 16◦; (w) θ = 15◦; (x) θ = 14.5◦.
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Fig. 5 Top: relative area of chaos in the Poincaré section, as a func-
tion of angle θ. The area was determined by pixel counting on an
8192 × 4096 grid, with 50 million iterations of an initial point inside
the chaotic region. Bottom: Lyapunov exponent of the main chaotic
region, computed from 10 million iterations of a chaotic initial point.
— The abscissa 90◦/θ was chosen so as to bear out the similarity of
intervals 90◦/(n + 1) < θ < 90◦/n, n = 1, 2, . . .. The inset extends the
numerical analysis to θ values as small as 90◦/θ = 70; it shows that the
Lyapunov exponent tends to zero as θ vanishes.

As θ decreases further, chaos spreads, and order gets squeezed into a small triangular
region before it disappears completely at θ = 34.26◦. The sequence continues with order
recovering around the center, and taking over almost completely at θ = 30◦. Then comes
a repetition of this scenario with decreasing amplitude in the oscillation of chaoticity.
We have termed this kind of parameter dependence the breathing chaos, and found that
it is characteristic of other systems as well. Fig. 5 gives a quantitative account of this
breathing. Part (a) shows the amount of chaos in terms of relative area of the chaotic
part of the Poincaré section. Part (b) exhibits the so-called Lyapunov exponent of the
main chaotic region. This is a number which characterizes the chaos dynamically; it
tells us how fast the chaotic orbit spreads over the accessible region of phase space.

Take two initial conditions, close together, from the chaotic region, and follow their
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time course. Observation tells us that in the long run, their separation grows expo-
nentially. The Lyapunov exponent is the rate of this growth, its inverse gives the time
scale on which prediction is possible. Large Lyapunov exponents indicate fast mixing,
i. e., rather quick loss of predictability. Small Lyapunov exponents, on the other hand,
indicate slow mixing; predictability will be lost eventually, but only after very long time.
The range of angles 45◦ < θ < 90◦ may be completely chaotic from the point of view
of the shear amount of chaos; nevertheless the Lyapunov exponent indicates that there
are differences from the dynamical point of view. The time development of chaos is fast
around θ = 60◦, and slow near the integrable limits θ = 45◦ and θ = 90◦.

To summarize, chaos is an elementary property of mechanical systems. It can be
characterized by the extent to which it covers phase space, and – in more detail – by the
time scale on which prediction is possible in each chaotic region. A survey on how phase
space is partitioned into orderly (periodic or quasi-periodic) and chaotic regions, can be
obtained from Poincaré sections. (In practice, this method is limited to cases with only
two essential degrees of freedom.) In our example of Galilean chaos, it appears as if there
is only one chaotic region into which a more or less complicated web of orderly behavior
is embedded, depending on the parameter θ. Closer inspection would show that the
situation is even more involved, with many small chaotic bands foliating the seemingly
regular zones. In other examples, the various chaotic regions may be comparable in size,
but typically this partitioning of phase space depends strongly on certain parameters.

While the size of a chaotic region tells us to what extent mixing occurs in the long
run, the Lyapunov number is a measure of the speed of this mixing. Whatever the
precision to which an initial state is given, the unavoidable uncertainty will be blown
up exponentially with this rate. After a time of the order of the inverse Lyapunov
exponent, no prediction is possible within the given chaotic region. Observing an orbit
for longer times means to unfold the initial randomness. Though deterministic in its
rules, the process turns into a random number generator. (By the way, in the very
long run, the distribution of points in a chaos band will be homogeneous due to general
properties of Hamiltonian processes. However, this statement may not mean much in
practice because a typical chaos band is punctured by holes of arbitrarily small sizes,
and so is difficult to identify in detail.)

Note that I have restricted mechanics to systems without friction. This is, to be sure,
in the tradition that Galilei established against Aristotelian physics, and that paved the
way for Newton. But of course, in real nature there is friction , and we know it plays
an important role in driving systems towards a final state. In the case of a mass point
bouncing up and down, the introduction of friction leads to a trivial final state: the
orbit will come to rest at the lowest accessible point. But this is different in celestial
mechanics, the case of interest to Kepler . . .
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Celestial Mechanics

Newton derived Kepler’s ellipses from his law of gravitational attraction between any two
celestial bodies, using the framework of analytical mechanics that he had established.
However, this first great triumph of theoretical physics missed Kepler’s point of trying
to understand the solar system as a whole. Why are the planetary orbits the sizes they
are; why are the periods of Jupiter and Saturn so nearly the ratio 2:5 ? Such questions
have no place in Newton’s physics. They are matters of initial conditions which may be
arbitrarily set. From this point of view, the harmony that Kepler saw is pure chance,
and thus irrelevant.

In our modern perspective, we attempt to reconcile both attitudes. Galilei and
Newton are right on relatively short time scales while Kepler’s questions concern the long
term evolution. This is where chaos comes into play, and where Aristotelian dynamics
begins to play a role in Darwinian phrasing.

That celestial mechanics is plagued by chaos has been known for a long time.
Poincaré [6] made it very clear that no analytical integration of Newton’s equations
can be expected in the case of three or more celestial bodies. So what can be done?
Well, we can combine Poincaré’s geometric thinking with numerical integration, and
perform computer experiments to become familiar with the problem. We can identify
regions of stability and regions of chaos, and thereby characterize the phenomenology on
which evolution must have operated. This kind of work was initiated by E. Strömgren
around 1920 [8], and of the numerous investigations with electronic computers I mention
those of Hénon [2] and Wisdom [9].

The problem in its simplest non-trivial form is the so called restricted three body
problem. It consists of two main celestials bodies (which I will call Sun and Jupiter
for easy identification), and a third body so small that it does not influence the motion
of the other two. Thus Sun and Jupiter behave according to the rules of two body
dynamics. Their motion takes place in a fixed plane, and is assumed to be circular
(circles are of course special cases of ellipses, the eccentricity being zero). The third
body is assumed to move in the same plane, attracted by the gravitational forces of
the moving main bodies. Jacobi noticed long ago that the time dependence of these
forces can be transformed away by taking the point of view of a coordinate system
that corotates with Sun and Jupiter. The scales of lengths, times, and masses can be
chosen such that the distance between Sun and Jupiter, their angular velocity, and their
combined mass are unity. The third body’s motion, viewed in the rotating system, is
then taking place in the constant potential shown in Fig. 6, and under the influence of
Coriolis forces.

The Jacobi potential consists of the gravitational attraction of Jupiter (mass µ,
position (1 − µ, 0)) and Sun (mass 1 − µ, position (−µ, 0)), and of the centrifugal
potential associated with the rotating frame. Its value approaches minus infinity at the
positions of the main bodies and towards the far outside. It has two maxima at the so
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called Lagrange positions L4 and L5 which form an equilateral triangle with the main
bodies (irrespective of Jupiter’s mass µ !). And there are three saddle points L1, L2, L3,
called Euler points, on the line connecting the main bodies.

Fig. 6 Equipotential lines for the motion of a test body in the gravi-
tational field of two main bodies, of masses µ and 1 − µ, at positions
(1−µ, 0) and (−µ, 0), in a coordinate system that rotates with the main
bodies. The potential attracts towards these bodies, and also towards
the outside, due to the centrifugal force associated with the rotating
frame. It has maxima at the Lagrange points L4 and L5 which form
an equilateral triangle with the positions of the main bodies; the saddle
points L1, L2, L3 are called Euler points. In addition to the forces that
derive from this potential, there is a Coriolis force deflecting the test
body to the right in proportion to its own velocity. As a consequence of
this peculiar force, the positions at the Lagrange points turn out to be
stable provided the second main body is sufficiently light (µ < 0.0385).

To this very day, the test body’s motion in Jacobi’s potential has not been grasped
in its entire complexity. In the following I shall attempt to give a pictorial survey in
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terms of Poincaré sections. As usual, such sections may be obtained in many ways, and
our choice is purely a matter of convenience.

We consider small values of µ (µ < 0.05), and Jacobi energies corresponding to the
maximum of the potential (so that the test body is not energetically excluded from
any part of the plane). A typical orbit will then resemble a Kepler ellipse surrounding
the Sun, but its perihelia and aphelia will not be fixed in space. Rather they will be
moving in a more or less orderly way, and it is this motion that we shall follow in
our Poincaré sections. All the rest of the motion will be ignored because it does not
contain new information with regard to the question whether the motion is periodic,
quasiperiodic, or chaotic. In other words: specifying the Jacobi energy and the position
of peri- or aphelion — in heliocentric polar coordinates r and ϕ, Jupiter lying at (r, ϕ) =
(1, 0) — the test body’s motion is completely defined. (Strictly speaking, there are two
possibilities, depending on whether the angular velocity ϕ̇ at peri- or aphelion is positive
or negative. To have a unique orbit, we select the more interesting case ϕ̇ > 0.)

So the rules of our game are as follows. Given an orbit of our test body, we monitor
its distance r from the Sun and wait for r to be a minimum or a maximum, ṙ = 0. If
ϕ̇ > 0, we plot the coordinates (r, ϕ) of this event, and wait for the next. What do
we get in the limiting case µ = 0 where Jupiter’s perturbation is absent? Clearly, the
test body moves along a Kepler ellipse, with peri- and aphelion fixed in space. Looking
from our coordinate system which now rotates with the Sun at its center, we see the
distances rp and ra of peri- and aphelion fixed, but their angles ϕ proceed in equal steps,
depending on the ratio of the Kepler frequencies of Jupiter and test body. The Poincaré
section is therefore foliated by invariant lines {r = rp} and {r = ra} (of which one may
be missing because it may have ϕ̇ < 0 ). The angular increments along these lines are
easily calculated from Kepler’s laws.

Now consider the case of µ = 0.0001, corresponding to one tenth the real mass
of Jupiter. Fig. 7 shows traces of a foliation by lines {r = const}, especially in the
region of low values of perihelion distances rp. (The corresponding orbits have large
eccentricities, and the aphelia are not shown here because of ϕ̇ < 0.) But in spite of
the low value of µ the effect of the perturbation is quite pronounced. A number of lines
have developped into chains of islands, indicating resonant behavior at their centers,
with quasiperiodicity surrounding them. The orbits corresponding to these islands have
perihelia oscillating (“librating”) around the positions of a stable resonance. In doing
so they tend to avoid as much as possible close encounters with Jupiter, the source of
perturbation here. A special case is that of the two islands around r = 1, ϕ = ±60◦.
These are the two resonances at the Lagrange points L4, L5 (see Fig. 6), also called
Troian resonances according to the names of the asteroids found there.

Outside the islands there is an extended region of chaos, apparently radiating out
from Jupiter at its center. What is the long term fate of an orbit in this region of phase
space? In contrast to the elliptic orbits, these orbits tend to have close encounters with
Jupiter where they pick up erratic changes of their perihelion positions. To illustrate
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this observation we have marked, in the upper part of Fig. 7, those points in the Poincaré
section whose orbits run into collision with Jupiter before their next or second return to

Fig. 7 Poincaré section of the restricted three body problem for µ =
0.0001 and Jacobi energy equal to the peak value of the potential. The
picture records perihelion and aphelion positions (r, ϕ) of orbits if ϕ̇ > 0.
The angle ϕ is plotted along the abscissa (−180◦ ≤ ϕ ≤ 180◦); the
radial distance from the Sun is plotted along the ordinate (0 < r ≤ 1.2).
The islands surround regions of order where test particles may survive
forever. The chaotic regions in between will eventually be cleared of
particles because of collisions with Jupiter or ejection from the system.
The batman like figure in the upper part marks the set of orbits that
run into collision with Jupiter before the next or second return to the
Poincaré section, both forward and backward in time. The white lines
surrounding the elliptic islands in the lower part are stable and unstable
manifolds of the hyperbolic periodic orbits between the islands. They
represent the “local” extent of chaos in the system.
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the section. (Also shown are the time reversed situations.) It is obvious that chaos,
in this particular context, is intimately related to collisions. In addition, the computer
experiments show that many points in chaotic region are eventually leaving the system.

Fig. 8 Poincaré section of the restricted three body problem for µ =
0.001 and Jacobi energy equal to the peak value of the potential. In
comparison to the case of µ = 0.0001, the prominent islands have grown
in size, and their number has become smaller. The chaotic region has
also grown. The distinction between order and chaos has become more
clearcut.

This indicates how the insertion of chaotic elements into a system’s dynamics may
contribute to order. A perturbation with relative mass µ = 0.0001 added to a Sun
surrounded by cosmic dust, creates the structure of Fig. 7. The islands mark regions
where test particles can survive in the long run, while the space in between will be
cleared by collisions or ejection. As a result, Jupiter will accumulate mass and become
an even stronger perturbation of the system. At µ = 0.001 the system’s structure is
that of Fig. 8. The biggest islands have grown even bigger while the small ones have
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disappeared into the chaotic region. This makes the distinction of order and chaos more
clearcut than at small perturbation.

Let us finally consider the sequence of pictures in Fig. 9 where we increase the value
of µ from 0.005 to 0.03852. Linear stability analysis of the Lagrangian libration points
L4, L5 indicates they ought to be stable in this range of perturbing masses. However, in
a Hamiltonian system stability cannot be established by linear analysis only. It needed
the formidable development of Kolmogorov–Arnold–Moser theory before it could be
shown in 1967 [1] that stability in fact holds — except for perhaps three special values
where the conditions of Moser’s theorem do not hold. Fig. 9 illustrates that for two
of these cases, viz. µ = 0.01352 and µ = 0.02429, the stability region around the
Troians is indeed squeezed, and that it recovers in the intermediate mass ranges. This
is reminiscent of the breathing chaos that we observed in the previous section. Loss of
stability of a resonance is to be expected when the libration around the periodic orbit
is itself resonant of order two, three, or four. In that respect the case θ = 25.91◦ of our
Galilean chaos (Fig. 4l) corresponds to µ = 0.01352 (Fig. 9d). The angle θ = 34.26◦

(Fig. 4g) corresponds to µ = 0.02429 (Fig. 9f). And finally, in both systems stability
is lost for good beyond the resonance of order two, at θ = 45◦ or µ = 0.03852.

The Troian resonance is certainly an interesting feature of these pictures, but not the
most important. The main observation concerns the general behavior of chaos versus
order. The sequence of Fig. 9 illustrates clearly how under the influence of increasing
perturbation both chaos and a few strong resonances expand while all the minor features
gradually disappear. If it is true that we may interpret the chaotic orbits as being
condemned to disappear in the long run, then what remains are just a few stable islands
whose motion, if compared to Jupiter’s, exhibits frequency ratios of the highly rational
kind 2:1, 3:2, or 4:3 . In musical terms, this is octaves, fifths, or quarts. And we are
back at Kepler’s harmonies.
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Fig. 9 Poincaré sections of the restricted three body problem for eight
different values of µ. The Jacobi energy is always equal to the peak value
of the potential. Each picture shows the main resonances (in particular
those around the Lagrange points L4, L5) and the set of points whose
orbits collide with Jupiter before the next return to the Poincaré plane.
(a) µ = 0.00500; (b) µ = 0.00551; (c) µ = 0.00827; (d) µ = 0.01352.
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Fig. 9 (continued) (e) µ = 0.02000; (f) µ = 0.02429; (g) µ = 0.03000;
(h) µ = 0.03852.

Conclusions

What can we conclude from these observations? We have seen that the simplest possible
three body system in celestial mechanics contains all the complexity of chaotic behavior,
notably the long term unpredictability of individual orbits. But on the other hand,
surveying the development of chaos as we leave the integrable limit µ = 0, we recognize a
definite pattern in the emergence of structure. As the strength of the perturbation grows,
the relationship between chaotic and regular regions in phase space looses complexity.
Less and less islands of order survive, and these islands become the prominent feature
of phase space (before eventually they may also be flooded by chaos).

All this is pure Newtonian mechanics, presented in terms of Poincaré’s geometric
ideas. The difference to Newton’s way of thinking is that rather than on single orbits
the focus is on whole classes of orbits, and their stability. This allows us to think of the
problem’s global features: given the two main bodies and a dust of test particles to start
with, how will the system evolve? Clearly it will matter for a dust particle whether or
not its orbit is in resonance with the main motion, and in what kind of resonance. If it
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happens to move in one of the major islands of stability, chances are that it stays there
for a long time. We may speculate that under the influence of some slight dissipation
(due to collisions or tidal friction) the orbit is drawn towards the centers of its islands.
In this way different dust particles may approach each other and combine to form larger
bodies. But then the three body problem gets more complicated . . .

Almost four hundred years after Kepler conceived of his Mysterium Cosmographicum,
we have not solved his problem to understand the global dynamics of our solar system.
But at least it appears there is something to understand: that the arrangement of planets
is not pure chance but the result of an evolutionary process in which the respective
stability properties of regular versus chaotic types of orbits have played an essential
role.
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Discussion

G. Puppi Thom, Moshinsky, Rubbia, Thirring . . . in that order.

R. Thom You mentioned the ratio of masses that distinguishes chaotic and non-chaotic
behaviour of the Troian asteroids. Can you calculate or explain why just this
particular value distinguishes the two cases?

P. H. Richter This calculation was done by J. L. Lagrange some two hundred years
ago. It is a standard linear stability analysis about the critical point L4 of the
potential, called Lagrange point. The non-intuitive part of this problem is that
L4 is a maximum of the potential function; the stability is therefore an effect of
the Coriolis forces. This effect depends on the mass ratio of the two main bodies,
and linear stability analysis shows that L4 is unstable when this ratio exceeds the
value (1−

√
69 /9)/2 = 0.038 521. I must confess I have no intuition for this result.

M. Moshinsky The Kepler picture that you showed us, and, more generally, the fact
that there are integrable systems, are related to the presence of symmetries. My
question is this: does the algebra of symmetry groups play a role in chaotic phe-
nomena?

P. H. Richter Thank you for mentioning symmetries. We make extensive use of sym-
metry properties when we look for periodic orbits. It was Birkhoff’s idea that
when the system possesses a discrete symmetry including time reversal invariance,
the Poincaré map can be written as the product of two involutions. You may then
consider the invariant lines of these involutions, and their iterates under the map.
Any intersection of two such lines gives a periodic orbit. As periodic orbits are the
backbone of the dynamical picture, it is very important to have these symmetries.

M. Moshinsky But not specifically Lie algebras?

P. H. Richter No, Lie algebras don’t play an important role in chaos, except in the
negative sense that some continous symmetry is broken by the perturbation that
leads into chaos. Lie algebra may have something to say in connection with per-
turbation theory, in the close neighbourhood of integrable limits. But it is our
experience that pure theory does not help us very much in this context. Let me
take this opportunity to express my point of view, as a physicist, with respect to
mathematical theorems. I am very grateful for the security that rigorous results
like the Kolmogorov-Arnold-Moser theory provide. I take them as a source of
ideas for our computer experiments, even where their assumptions do not hold
any more. The observations made on the computer screen can then be interpreted
in the light of mathematical clarity, but they take us beyond established theorems,
and so may stimulate further mathematical thinking.
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C. Rubbia Thanks, Mr. Chairman. I think I’m next. First of all let me thank the
speaker for this very clear and extremely illuminating presentation. I like to add
a comment to this, regarding the operational experience one needs to understand
these phenomena where chaos plays a role together with some regularity of the
orbits. You mentioned astronomy as a field of applications, but of course there are
very few examples in real astronomy; you replace that by computer simulations. I
would like to point out the existence of another system which is very useful for these
studies. Indeed, we are observing, in our own field, all the same phenomenology:
in the behaviour of cyclic particle accelerators. Let me tell the audience that in a
particle accelerator, or a storage ring, we have one turn every few microseconds,
and we can keep particles for days. So we reach 1010 to 1011 cycles without
any appreciable friction, and that corresponds to the number of cycles the earth
did around the sun since the beginning of the history of our planetary system.
So it’s a long, long time, and there is strictly no friction. You can then realize
situations similar to the one you mentioned, of several particles interacting with
each other, or interacting with a perturbative force that you can introduce from
outside. And indeed, we do see the same type of phenomena: we see periodicity
with the magic numbers, associated to certain islands of stability, we see chaotic
phenomena occuring around these islands. Many of the phenomena you indicated
are now emerging in practice from accelerators. I think this is a very interesting
tool to understand the fuzzy borderline between order and chaos.

P. H. Richter Thank you. It’s probably fair to say that the impact that boosted
this field in modern times comes from elementary particle physics, and also from
plasma physics. But the mathematical foundations were laid in celestial mechanics
long time ago.

W. E. Thirring Your last result was very remarkable, that for large values of µ it’s
exactly the rational frequencies which give you some stability. When you apply
perturbation theory at small µ you find these are just the values where you cannot
show there is any stability. And usually what happens for large perturbations is
that the islands around frequency ratios which are completely irrational, like the
golden mean, are the ones which survive longest. Also in reality, just at frequency
ratio 2 there is a gap in the distribution of asteroids — of course for a smaller
value of µ than you considered.

P. H. Richter I did not have time to speak about the golden mean and its special role
in this kind of systems. It is one of the most fascinating aspects, and there are
systems where it can be shown very nicely that orbits are particularly stable when
their frequency ratio is the golden mean (because this is the most irrational of all
numbers). I have studied one such system extensively, namely the planar double
pendulum. However, in the case of the restricted three body problem, that scenario
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does not seem to be particularly important. If you want to observe it as a global
feature of a system, you need two strong chaos bands that grow under increased
perturbation and squeeze a last KAM torus between them before it breaks up
into a “cantorus” and gives way to large scale chaos. In our situation the chaos
emanates from only one center, and that’s Jupiter the perturber; it radiates into
the system and spreads out gradually as µ increases. In such a case the golden
mean does not play a conspicuous role. Granted, if you look at the system under
a microscope, then you will find areas where the golden mean scenario takes place;
it is a “universal scenario” after all.

C. Rubbia I’d like to ask about the possibility to compute the behaviour of the whole
solar system, the ten body example you mentioned. The reason why this comes to
my mind is associated with the asteroids which are part of our planetary system.
This is a very practical problem: can we predict an asteroid hitting our planet?
Is the motion of the asteroids, or these stones flying around in our system, a
chaotic movement, or is it regular? We know that in past history, a large number
of collisions have occured; we also know the dinosaurs presumably disappeared
because of that. It is important if modern science will be able to predict such an
event with precision. It’s a different issue to prevent it, but we should try at least
to foresee it. There is no doubt in my mind that sooner or later in the future such
a thing will occur on earth, because it did occur many times in the past, so it’s a
real problem. Can your calculation help in that respect?

P. H. Richter The person who did this kind of calculation with highest precision so
far is Jack Wisdom at the Massachusetts Institute of Technology.He has a special
purpose computer with one processor for each of the ten bodies of our solar system,
and he has simulated its motion for the next five hundred million years or so. He
finds with some confidence that taking only those ten bodies into consideration, the
system is essentially stable, except for small scale chaos in Pluto’s motion. With
respect to the asteroids, Jack Wisdom also did a lot of careful computations, taking
into account the influence of Jupiter and Mars. He finds that when an asteroids
comes close to Mars it may get deflected into an orbit that gets near the Earth. He
claims that many meteorites that hit us originate from the asteroid belt. So, yes,
there is a chance that small celestial bodies will collide with our planet every now
and then. But prediction will be very difficult because of the sensitive dependence
of the motion on initial conditions that we do not know well enough.
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